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Abstract: Nonclassicul pernodic lattices are classified and enumerated via the nonclassical crystallographic groups

(NCGs). Some of the nonclassical periodic latlices might be used to construct larger unit cells to explain the struc-

tures of so-called quasicrystals or other nonclassical crystalline substances.
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Modemn
founded on the science of the classical crystallo-
graphic groups (CCGs), which is concermed with the

theory of ordinary sohd matter is

enumeration and classification of the actual struc-
tures of various crystalline substances.!! Mathemati-
cally, the CCGs delineate the crystal lattices (classi-
cal periodic lattices), and a lattice site (lattice point)
may be associated with one atom or a group of
atoms in a real corresponding crystal. In this paper,
the nonclassical crystallographic groups (NCGs)™
are used to classify some  noncrystallographic
peniodic lattices with locally 5-. 8-,10-, 12- and

14-fold symmetries.

1 Simple Nonclassical Periodic

Lattices

In this section, the NCGs are used to classify
and describe
latuces. They can construct complex periodic

some simple nonclassical penodic
lattices
to delineate nonclassical crystallographic structures
which might appear in the real world.

(1) Group G(2n/5, B.d,, d,). The lattices shown
in Figs.1(a) and 1(b) have locally 5-fold symmetry.
The two lattices can be generated by the same

NCG. In fact, the translatons 75 = T,

m/s
(2a cos(®/5),0), Tlﬂ = T, ,~ (2acos(n/5)cos(2n/5),
2a cos(m/5)sin(27/5)); the rotation R=R, . and the

two generating sets {0, P}= {(0,0), (b cos(w/5),
bsin(r/5))} and {0, P}={(0, 0), (b, 0)}, where
b = a(\/g — 1)/2. Therefore the corresponding
NCG is G(@2n/S, 2n/5, 2a cos(n/S), 2a cos(m/5));
the corresponding NCLs can be denoted by

L(2n/5, 2m/5, 2a cos(m/S), 2a cos(n/S)); (0, 0)
(b cos(m/5), bsin(m/5),w/S), L(2w/S, 2m/5, 2a cos(m/S),

2a cos(m/5)); (0,0), (b, 0), 0).

(a)

(b)

Fig. 1 Periodic lattice with locally 5-fold symmetry

(a) where P= (b cos(n/5), b sin(n/5))
(b) where P = (b,0)

(2) Group G(2n/8, B, d,, d,). From Figs.2(a),
2(b), we can see two latuces with locally 8-fold
translations Tup =T, =
(Racos(n / 8), 0), Ty=T,,=(, 2a cos(m / 8)),
and rotation R =R, . generale these lattices. The
two generating sets are {0, P} = {(0,0), (acos(n / 8),

asin(m / 8))}, {0, P} = {(0,0), (b,0)}, where

b=(2-2) 12).

symmetry. The same

the corresponding NCG s

Consequently,
G(2n/8, m/2, 2acos(n/8), 2a cos(m/8)) and the
corresponding NCLs are expressed by
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L(2n/8,m/2,2a cos(m/8), 2u cos(n/8); (0, 0), (acos(n/8),
(a sin(n/8)), n/8), L (2n/8,n/2, 2u cos(m/8), 2u cos(m/8);
0,0), (5,0), 0).

(a)

Fig.2 Periodic lattices with locally 8-fold symmetry
(a) P=(a cos(n/8), usin(1/8)); (b) P =(b,0)

(3) Group GQ2n/10, B, d,, d,). The lattices

shown in Figs.3 and 4  have locally 10-fold
symmetry.

Fig.3 A periodic lattice with locally 10-fold symmetry
where P=(u,0)

The latices are also  generated by

the same NCG. The corresponding translations and

59
rotation are s = T...,s = Qacos(n/5), 0), T:ﬁ =
T, = (Qucos(n/5)cos(2n/5), 2a cos(m/5)sin(2n/5)),
and R =R, . The three generating sets are

{0, Pr={(0, 0), (a, 0)}, {0, P}={(0, 0) (h, 0)}
and {0, P}={0, 0), (ccos(n/10),c sin(n/10))},
where h=a(v/5 — 1)/2 and c=a\(5—2V5) /5 .
Therefore the corresponding NCG is G (2n/10,
lattices

2n/5, 2a cos(n/5), 2a cos(n/S)). These
respectively belong to
L(271/10, 21/5,2a cos(n/5), 2a cos(m/5); (0,0),(a,0), 0),
L(27/10,27/5,2a cos(m/5),2a cos(n/5); (0,0), (b,0), 0),
L(2w/10, 27w/5, 2a cos(m/5), 2a cos(m/S; (0,0),
(¢ cos(n/10), ¢ sin(n/10)), =n/10).

(a)

(b)

Fig.4 Periodic lattices with locally 10-fold symmetry
(@@ P=(,0; (b) P=(acos(/10), csin(n/10))

(4 Group G(2n/12, B, d,, d,). In Fgs.5(a)
and 5(b), the lattices have locally 12-fold symme-
also correspond to the same NCG.
(2a cos(n/12), 0),

try which

The translations T =T =
18 In/3

T,=T, ,,= (2a cos(n/12)cos(n/3),2a cos(n/12) sin(n/3)),

and the rotation R =R, .. The two generating
sets are {0, P} ={(0,0), (a cos(m/12), a sin(n/12)) } and
{0, P)= {(0, 0), (b,0)} where b =2a sin(n/12). There
fore the corresponding NCG is G (2n/12, n/ 3,
2acos(n/12),2a cos(n/12));

NCLs can be denoted by

and the corresponding
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L(2n/12, w/3, 2a cos(n/12), 2a cos(n/12); (0, 0),
(acos(n/12), asin(n/12)), n/12), L(2w/12, =/3,
2acos(m/12), 2acos(n/12); (0, 0), (b, 0), 0).

(b

Fig.5 Periodic lattices with locally 12-fold symmetry
(a) P=(acos(n/12), asin(w/12)); (b) P=(b,0)

(5) Group G(2n/14, B, d, d,). From Figs.1 in
Ref.[2] and 6(a), we can see two lattices with

locally 14-fold symmetry. The same translations
Ty =T, ,, =(2acos(n/14),0), Ty =Tpp)7 =Qa

cos(n/14)cos(3n/7), 2a cos(n/14)sin(31/7)), and rota-
ton R=R,_, ,  generate them. The two generating
sets are {0, P}={(0,0), (acos(n/14), asin(n/14))},
and {0, P}={(0,0), (b,0)} where b=asin(n/14)/
sin(r/7). The corresponding NCG and NCLs can
be expressed via
G (2n/14, 3m/7, 2acos(n/14), 2acos(n/14)) and
L(2n/14, 31/, 2a cos(n/14), 2a cos(n/14); (0,0),
(acos(n/14), asin(n/14)), n/14),
L(2n/14,31/7,2a cos(n/14),2a cos(n/14);(0,0), (b,0),0).

2 Complex Nonclassical Periodic
Lattices

Now we can use the direct sum of NCLs™?

to describe more complex nonclassical periodic

lattices. First we introduce the following definitions.
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Definition 1
dw d,), be NCL's. Then GoG,o oG, or

Il6.=[16.a.8.4,.4,) (1)

n=1 n=1

is called the direct sum of the NCG G,'s or a

For n=1, 2, **, m, let G,(a,, B,

direct sum group. Every element in 1_[ G, has a

n=1

form (Rl’ne(RZ’T;)e...e(R,n,Y:,,) where
(Ran)eG,,, ISnSm .

(®)

Fig.6 Periodic lattices with locally 14-fold symmetry
(@ P=(5,0)

() P(acos(n/14), asin(w/14)), P,=(b,0), y,=n/14, y,=0

(1) Direct sum group G(2n/14, 3n/7, d,, d,) e
G(2n/14, 3n/7, d,, d,,). The lattice shown in Fig.
6(b), in fact, consists of Figs.1 in Ref.[2] and 6(a).
Hence the corresponding direct sum group is
G(2n/14, 3n/7, d,,, d,)) ® G(2n/14, 3n/1, d )

122
where d, =2acos(n/14). This lattice can be

expressed by
L(2n/14, 3n/7, 2a cos(n/14), 2a cos(n/14);
(0, 0), (acos(n/14), asin(n/14), w/14) &
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L(2n/14, 37/7, 2a cos(n/14), 2acos(n/14); (0,0),
b, 0), 0).

(2) Direct sum group G(2n/8, n/2, d,|, d,) &
G(22n/8, m/2, d, d,). The latice with locally
8-fold symmetry shown in Fg.7(a) is in fact the
combination of the lattices given in Figs. 2(a) and
2(b). Therefore, for i=1, 2, a= 2n/8 , B=m/2,
Tw,.= Tlﬂ= (2a cos(n/8),0), Typ= Tzﬂ= (0, 2a cos(n/8)),
d, =d, =2acos(n/8), O,=0=(0,0). P =(acos(n/8),
asin(n/8)), y,=n/8. P,= (b, 0), y,= 0. The corre-
sponding direct sum group is G(2n/8, w/2, d,,d,,)
® G(2n/8, m/2,d, ,d, );and the corresponding direct
sum lattice is given by
L(2w/8, n/2, d,, d,;; O,, (acos(n/3), asin(n/B)), n/8)

21

® L(2n/8, n/2, d,, d,;; O,, (b, 0), 0).
(3) Direct sum groﬁp G(@2n/10, B, d,,, d.). &
G(@2n/10, B, d,, d,,). From Fig. 7(b), we can see
that the lattice with locally 10-fold symmetry is

generated by the lattices given in Figs. 3 and 4(a).

Fig.7 Direct sum lattice with locally 8-, 10-fold symmetry
@) P,=(acos(nB), asin(nB), y=18; P, = (b, 0), y,0.
(b) P| = ((1, 0), }'|=0’ Pz = (b9 0)’ Y, = 0 (lO'fOId)

Consequently, for i=1, 2, a =2n/10, B, = 2n/5,

Tlﬂ,. =T, = (2acos(m/5),0), T, = Tz“i = (2a cos(w/5)

cos(2n/5), 2a cos(n/5)sin(2n/5)), d,,= d,= 2a cos(n/5),
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0=0=(0,0). P=(a, 0), y =0. P,=(0),
v, = 0. G2n/10, 2n/5, d,,, d,) ® G(2n/10, 27/5,
d,, d, ) is the corresponding direct sum group;
and the direct sum lattice is expressed via
L(2w/10, 2n/S, d,, d,;; O,, (a, 0), 0),® L(27n/10,
2n/5, d,,, d,; O,, (b, 0), 0).

(4) Direct sum group G(2n/12, B, d,, d;) @
G(2n/12, B, d,,, d,,). The lattice in Fig.8 (Also see
Ref. [3]) is generated by the lattices shown in Figs.
5(a) and 5(b). The corresponding direct sum
group is G(2n/12, /3, d,,, d,) ® G2n/12, w/3, d,,
d,) where d, =d, =2acos(n/12).The lattice belongs
to class L(2n/12, w/3, d d 0,, (acos(n/12),

11? 21°

asin(n/12)), n/12) ® L(2n/12, w/3, d,,, d,;; O,, (b,

112 721

0),0).

Fig.8 Direct sum lattice with locally 12-fold symmetry
P =(a cos(n/12), asin(w/12)), y, = w/12, P, = o 0, y=0

Definition 2 L0, 8, d,, d,,"¢, P, 0) denotes
a parallelogram lattice generated via translations Tlﬂ
and T, acting on a point P. And the correspond-
ing NCG is represented by G(0, 8, d,, d,).

More complex direct sum lattices.

(1) The direct sum lattice (Fig.7(a)) with a rect-
angular lattice generates a new direct sum lattice
shown in Fig. 9(a). It can be denoted by
(where  d =d,=2a cos(n/8) and O, = (0, 0)).
L2n/8, n/2, d,,, d,; O, (acos(n/8), asin(n/ 8)),
n/8) & L(2n/8, /2, d,,, d,; O, (b, 0), 0) & L0,
n/2, d,, d,; ¢, (acos(n/8), acos(n/B)), 0).

(2) The lattice in Fig.4(b) and the direct
sum lattice shown in Fg. 7(b) generate a new
direct sum lattice (Fig.9(b)). This lattice belongs to
the class (where d, =d, = 2acos(n/5)). L(2n/10, 27/5,
d,, d; (0, 0), (a, 0), 0) ® [(2n/10, 2n/5, d
d; (0, 0), (b, 0), 0) ® L(27/10, 27/S, d
0), (ccos(n/10), csin(n/10)), =/10).
direct sum groups and direct

describe and classify

11?
In conclusion,

sum lattices can some
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nonclassical periodic lattices, in particular for those
which have locally n-fold rotational symmetries.

Edeen e

{b)

Fig.9 (a) Direct sum latticc with locally 8-fold symmetry;

(b) Direct sum lattice with locally 10-fold symmetry

3 Discussion and Summary

A classical crystallographic G is generated via

given translation mappings T, T,

where = 2n/n and n can

and a given
rotation mapping R
only be equal to 2, 3, 4, and 6. However a
nonclassical crystallographic group G= G, X G, is
a product group of G and G, where G, is a transla-
tion group G, is a rotation group generated via a
a = 2n/n and n 1s

rotaion mapping R where

any given positive number.

In a classical crystallographic lattice generated
by a classical crystallographic group G, all lattice
points are equivalent to each other and

n-fold

every

lattice point is an center of rotation.
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can be
produced by all group eclements in G acting with
the center O of the
lattice is: unchanged under

Consequently, such a lattice point set

rotation, respectively. The
the action of the group
crystallographic
lattice case, we need a generaing set Z= {0, P}
consisting of an n-fold center O of the rotation

elements. But in a nonclassical

and a point P which,is not equivalent to point O.
A nonclassical crystallographic lattice set is defined
by all

elements

product group elements in G acting on the

set Z,

Lattices points in a simple nonclassical crystallo-

in the generating respectively.
graphic lattice set are distinguished into two equiva-
lent classes. One of them consists of n-fold center
and quasicenters of the rotation. Many nonclassi-
calperiodic lattices can be described via direct sum
of NClLs.

In a classical crystallographic lattice, the posi-
hardly expressed by the
Whereas

nonclassical crystallographic lattice, the positions of

tion of a lattice point is

corresponding group elements. in a
every lattice point can be clearly described via the
“group element”. In fact a lattice point has form
(R, 729 * Tfﬂ)P or form (R, 7’2‘6 * T]’ﬂ)O where |,
J, and k are integers.

NCGs
kinds of nonclassical periodic lattices. It might
be expected that NCGs would provide a hopeful
tool in studies of nonclassical periodic structures.

Furthermore can describe infinite
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