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Abstract: The present study shows that naturally developed fracture surfaces in rocks display the properties of self-affine fractals. Sur-
face roughness can be quantitatively characterized by fractal dimension D and the intercept A on the log-log plot of variance: the former
describes the irregularity and the later is statistically analogues to the slopes of asperities. In order to confirm the effects of these fractal
parameters on the properties and mechanical behavior of rock joints, which have been observed in experiments under both normal and
shear loadings. a theoretic model of rock joint is proposed on the basis of contact mechanics. The shape of asperity at contact is assumed
to have a sinusoidal form in its representative scale », with fractal dimension D and the intercept 4. The model considers different local
contact mechanisms, such as elastic deformation. frictional sliding and tensile fracture of the asperity. The empirical evolution law of
surface damage developed in experiment is implemented into the model to up-date geometry of asperity in loading history. The effects
of surface roughness characterized by D, 4 and r. on normal and shear deformation of rock joint have been elaborated.
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. surface roughness, such as the » m. s. (root-mean-
1 Introduction ) , .
square) of asperity height, the rm.s. of the first deriva-
tive of profile (the slope of asperity), the rm.s. of the
second derivative (the curvature of asperity). and so on.
are not only quite complicated, but also suffer from sca-
le effect which arises from sampling length, sampling
interval and the resolution of the digitizing instrument.
Consequently, they are not unique if different scale
parameters are used, particularly for the type of rock

fracture surfaces.

It has been well known that the existence of rock
joints affects the deformation, strength and fluid con-
duction of rock masses considerably. Patton [1] studied
the influence of various types of asperities on the fric-
tion resistance of joints and found that both asperity
angle and asperity number would give rise to the
change in failure envelope and, hence. the failure mode
of joints. Barton and Choubey [2] proposed a sophisti-
cated empirical model to predict the shear strength of

: Investigations in recent years show that naturally de-
rock joints by considering of normal stress, joint wall

veloped fractures in rocks behave like fractals, and
some pioneer work have employed fractal geometry
[15] as an alternative method to characterize the sur-
face roughness of rock joints [16-21]. Fractal geometry
suggests that the structural phenomena exit at any sca-
les. This scaling behavior (fractal in nature) can be
quantitatively described by fractal dimension. A broad
of study show, however, that most of rock fracture sur-
faces has the property of self-affinity rather than self-
similarity. When fractal geometry is employed for the
characterization of rock joint roughness, one or more
scale parameters should be taken into account. To

compressive strength and joint roughness coefficient
(JRC). Since the roughness of joints plays such an im-
portant role, various joint models have been developed
so far to constitute the property and mechanical behav-
ior of rock joints by taking into account the effect of
surface roughness. The models can be roughly divided
into two groups: one is extrapolated on the global re-
sponse of the joints under loading; the other is derived
on the local contact mechanics [3-14]. The main idea
of these approaches is that the global mechanical be-
havior of rock joint is resulted from the local contact

mechanisms. gain a better understanding of the structural behavior of
The important work involved. however, is to proper- fracture surfaces within the framework of fractal ge-
ly quantify the roughness. Statistical parameters as pro- ometry, the fractal characters of fracture surfaces in

posed in conventional approach and applied to describe rocks have been investigated in the present work. The
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effects of surface roughness characterized by fractal
parameters on the mechanical behavior of rock joint are
present on the theoretical basis of contact mechanics.

2 Fractal Characters of Rock Fracture Sur-

faces

By employing a non-contact optical instrument, a 3D
laser profilometer, the fracture surfaces induced in
rocks under different failure mechanisms were measur-
ed. The scanning results are analyzed following the
variogram method [22]:

Vir) = Z 20, +7)—zlx) | =4 (D
where, V{r) is the variance of surface heights z(x,) part-
ing from a distance of #, A is the intercept on V-axis of
the log-log plot of variance vs », and § is the slope of
the plot. Fractal dimension is calculated by D=2—/4/2
for a sectional profile. By comparing with the pre-
scribed geometric profiles, two important parameters
have been found to be related with surface roughness:
fractal dimension D quantifies the irregularity of the
rough surface while the intercept A4 is statistically anal-
ogous to the slope of asperity on the rough surface, i.e.,
the more irregular of a rough surface, the higher the
fractal dimension; and the steeper of the asperity, the
greater the value of the intercept. For a rock fracture
profile, however, the linear co-relationship between the
variance and the distance on the log-log plot exists only
in a limited range. The correlation length . statistically
equals the half wave length of a periodic rough surface
and, therefore, basically demarcates the structural ele-
ments—roughness and waviness—of the fracture sur-
face in rock [23].

Fracture in rock usually extends in plane in which
the crack front advances in a convex shape. In the pro-
cess of crack propagation, the fracture mechanism may
meander along different directions and in different
places, resulting in both preferred and implicated
cracking paths. The measurement shows that naturally
developed fracture surfaces in rocks display the prop-
erty of self-affine fractal. Fractal dimensions in adjac-
ent profiles of 0.25 mm apart are different from each
other and spatially distributed over the fracture surface.
The values of fractal dimension and the intercept of a
cross-sectional profile along the direction of fracture
incitation appear to be lower than those of other frac-
ture directions [24, 25]. The measurements also show
that fractal dimension and the intercept suffer from the
scale effect, which arises from the sampling length and
sampling intervals. In general, the longer a sampling
length and the smaller a sampling interval, a higher
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fractal dimension will be obtained. On the other hand,
the longer a sampling length or the larger a sampling in-
terval, the lower value of the intercept will be produc-
ed. Fractal parameters as applied to quantify the rough-
ness of a fracture surface present the scale properties.
Constant estimates on D and 4 could be made by the in-
creasing of the sampling length and the decreasing of
the sampling intervals to some extent.

The effectiveness of fractal roughness on the pro-
perties and mechanical behavior of rock joints have
been investigated by means of triaxial compression and
modified shear tests [26]. The joints under investiga-
tion include extension, shear and hybrid fractures in-
duced in sandstones. In general, a rock joint with a high
fractal dimension and a low value of the intercept will
give rise to a high stiffness of normal and shear de-
formation. The shear strength of rock joints primarily
depends on normal force F, (kN). The influence of
roughness on shear strength is of secondary impor-
tance, and in most cases, is not straight forward a single
parameter dependent. Statistical analysis on the experi-
ment results shows that the cross effect of fractal di-
mension D and the intercept A on the shear strength F;,
(kN) can be expressed by

F.=c nr.)

* o+ clog [7%1@“ 2)

where o; is the tensile strength of the rock material,
MPa; ¢, c, are regression constants with the values of
1.585 and 1.029, respectively. The variance at the
maximum correlation length V(r.) here implies the sca-
le effect.

During shear process, the degradation of surface
roughness occurs. Based on the measurement of frac-
ture surface before and after shear experiments, the sur-
face damage law has been developed, in which the
evolution of fractal roughness—D and 4 under shear
can be empirically expressed by

de N
Ds=D,[1- cEl (%W 3)
A f dw,

As=c Aot e/ Vr) exp [—WJ 4)

where, Ds and A; are the fractal dimension and the in-
tercept after the amount of value of plastic shear work
W, (kN -mm) was done, V(r.) is the variance (cf. equa-
tion (1)) by taking the value at the correlation length r.,
and or (MPa) is the tensile strength of the rocks; ¢, ¢,
and c; in equations (3) and (4) are material constants
[23, 26].
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3 Modeling of the Effect of Fractal Rough-

ness on Mechanical Behavior of Rock Joint

The extensive studies in experiments show that the
mechanical behavior of rock joints is related to the sur-
face structure, ie. roughness. In fact, the global re-
sponse to the loading of joints is controlled by the local
contact mechanisms. Majumdar & Bhusha {27, 28] de-
veloped a fractal elasto-plastic contact model. It consi-
ders a flat plane in contact with a statistically isotropic
rough surface at tip of asperities which is described by
fractal dimension D and a characteristic length scale G.
Based on Hertzian contact theory, the model shows that
for elastic deformation, the normal load P and the real
area of contact A, are related as P~4,"""%; for plastic
deformation, the load and contact area are linear re-
lated. The model predicts that the number of contact
spots contributing to a certain fraction of the real area
of contact remains independent of load although the
spot size grows with load. Moreover, the load—area re-
lation and the fraction of the real area of contact in elas-
tic and plastic deformation are quite sensitive to the
fractal parameters of surface roughness. Warren and
Krajcinovic [29] developed a model of elastic-perfectly
plastic contact of rough surfaces based on the Cantor
set. They show that although the deformation of elasti-
city increases with fractal dimensions of rough surface
under different levels of load, it is only a small part of
the total deformation. The deformation of elasticity oc-
curs mainly at a lower level of load for the surface with
a lower value of fractal dimension. As fractal dimen-
sion increases, the deformation of plasticity remark-
ably increases and becomes the main part of the total
deformation, particularly at a higher level of load.

These fractal contact models mentioned above ac-
count for normal contact behavior in absence of tan-
gential force within the interface. For rock joints, how-
ever, the interlock of asperities is common and determi-
nes the shear behavior under a general loading condi-
tion. In the present study, a constitutive model of rock
joint has been derived on the basis of fractal geometry
and contact mechanics, in which some important con-
tact mechanisms at asperities, such as elastic, frictional
plastic deformation, and fracture of asperity, have been
introduced into the model to show the influence of frac-
tal parameters of surface roughness on the mechanical
behavior of rock joint. Analytically, surface roughness
is composed of numerously superimposing of asperi-
ties. Providing that a single asperity has a sinusoidal
form. a single asperity is then expressed by a periodic
function z(x)
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z(x)= \/Z p 3D gin T

where D is fractal dimension, 4 is a coefficient which
retains the same meaning in equation (1), and r, is de-
fined as the wave length of the representative asperity
(figure 1). The radius of curvature is

(0<x<<r) (5)
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Figure 1 Schematic asperity

Suppose a joint has the same radius of curvature and
the same elastic constant on either side, according to
contact mechanics [30], the constitutive relationship at
local contact asperities has been derived in an incre-
mental form [23]:

2 2 21-D) z 32 3
dP={3 E*P [1+7Ar*' " cos'(mx/r)] }1 do. =

4 (1-vy i JAr®sin(nx/r)
(k.] dd, N
do= 2(1 V)k(l —Q—)”’do—' k1ds ®8)

where P, Q are normal and tangential forces acting
across the asperity at contact (figure 2), J,,J, are nor-
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Figure 2 Stress analysis for a circle contact area

mal and shear displacements, k,, k are coefficients of
normal and tangential stiffness, E and v are Young
modulus and Posson ratio, and 4 is the frictional fractor
of the material, respectively. It is noticed that tangential
stiffness in equation (8) depends not only on the surface
roughness the same as the normal stiffness does, but
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also on the ratio of tangential and normal forces ap-
plied. It is clear that when the tangential force exceeds
the friction resistance at the contact point, sliding will
take place along the asperity and a new contact con-
figuration will be reached. The equilibrium state of
contact requires assessment of force and displacement
in reference to the current contact condition in success-
ive incremental steps of load or displacement.

Under a sufficient high normal force, or when the
friction within the interface is large enough to exclude
net motion of the two surfaces, (Q<uP), brittle fracture
might occur to the contact point. According to experi-
mental observations [31, 32], fracture of asperities is
possibly caused by tensile stress which is, therefore, of
interest in the present study. According to contact
mechanics, tensile stress g, induced by normal and tan-
gential forces can be calculated from the distribution of
forces within the contact area (figure 2) [23]):

o=0;to} 9)

Under global system, the normal and shear forces ap-
plied to the joint (defined as F, and F; in figure 3) are

Figure 3 Transformation from local to global coordinate

transformed as follows:
| dF ] 3 TK w K |'du,1
ldF] k., K. |dw

The explicit expression of the contents in stiftness ma-

(10)

trix above are given by

K..=k,cosa~k sin‘a (11a)
K.=K, =(k,—k)cos’a sina (11b)
K, =k, sina+kcos’a (11c)

where k, and 4, are normal and tangential stiffness ob-
tained on the basis of the local contact of asperities (cf.
equations {7) and (8)). At any instant of time or sliding
history, the angle of transformation is given by

a=tan™’ %)=tan“(n\/:4_r‘“"[" cos Tru) (12)

W

The precent model has derived from local contact
and therefore, can comprise different
mechanisms of contact at asperities into a uniformed

mechanics.
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program. When slip or fracture occurs to asperity, for
instance, the empirical surface damage law, which has
been developed in experiments (cf. equations (3) and
(4)) [26], is extended into the model to up-date the con-
tact position as well as the shape of asperity.

4 Numerical Implementation

A number of examples are presented in this section
to investigate the effects of surface roughness on the
mechanical behavior of rock joints. Numerical imple-
mentation simulates the modified shear test, in which,
initial normal and tangential load is applicd to the as-
perity. Then, a prescribed displacement u () is constan-
tly applied obliquely to the joint plane. The basic para-
meters used in the modeling of rock joints are as fol-
lows: E=30106 MPa, v=0.147, 0:=8.0 MPa, 1 =0.3,
6=40°, and Au (6) =0.01 mm.

In the modeling procedure, the contact conditions -
elastic, plastic sliding and fracturing of asperity are
automatically assessed through the following criteria:

(a) elastic contact: Q <P and o,< o7}
(b) sliding contact: Q > uP ;
{¢) fracture at contact: o,> or.

A new contact configuration is up-dated according
to the current state of contact. The plastic work is cal-
culated in case the sliding occurs or the calculated ten-
sile stress in the vicinity to the contact area exceeds the
tensile strength of the material. The shape of asperity is
then modified by recalculating fractal dimension D,
and the intercept 4. according to the empirical evol-
ution laws of surface damage (equations (3) and (4)).

Numerical simulations reveal the significant effects
of fractal parameters on the mechanical behavior of
rock joint:

(1) Effects of fractal dimension (D). At a constant in-
tercept (4 = 1.0x107), different values of fractal di-
mension are calculated (D = 1.1. 1.2, 1.3, 1.4). As it is
shown in figure 4, a joint with a higher fractal dimen-
sion gives rise to a high normal stiffness and higher
shear stiffness. These results are consistent with experi-
ments [23, 24, 26].

(2) Effects of the intercept (4). At a constant value of
fractal dimension (D = 1.2). four values of the intercept
A are simulated (4 = 1.0 x 107, 1.0 x 107, 1.0 x 107"
and 1.0 x 107, Numerical simulation shows that the
smaller intercept (smooth surface) produces a higher
normal stiffness of rock joint (figure 5). Since a bigger
value of the intercept indicates a steeper slope of as-
perities [24, 25], the results highly cooperate with the
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Figure 5 Effect of the intercept 4 on (a) normal and (b) shear deformation of joint

physical sense and agree well with experimental mea-
surements. As shear stiffness is proportional to normal
stiffness, a joint with a bigger value of the intercept
gives rise to a lower shear stiffness, which has not yet
been fully reasoned though it is convincingly supported
by experiment evidence.

(3) Effects of the maximum correlation length (r.).
Equation (1) is stationary indicating that the mean
squared increments of the rough surface depend only
on the separating distance. A great number of measure-
ments for real rock fracture surfaces show, however,
that the linear relationship between the variance and the
distance on the log-log plot exists only in a limited ran-
ge. indicating the periodicity of the fracturing behavior.
Figure 6 shows the effect of . on the normal and shear
deformation of rock joints under different values of r.=
5,10, 15 and 20 mm, respectively, where D=1.2 and 4

=1.0x107". As it is shown, the greater the . is, the gre-
ater the normal and shear stiffness will be.

(4) Effects of shear angle (#). In modified shear tests,
different shear angle will give various ratios of normal
to shear force. The higher the shear angle 8, the higher
the normal force F,. To show the effect of shear angles,
three angles are simulated from 30°to 40° and 50°, re-
spectively, here fractal dimension D and the intercept A
are chosen to be D =1.3, 4=1.0x107", As it is seen in
figure 7, the shear angles has almost no influence on
normal stiffness, only the ultimate normal displace-
ments obtained at a higher shear angle. However, the
effect of shear angles on shear stiffness is much pro-
nounced, i.e. high dngle of shear will produce a relativ-
ely high shear stiffness. .

In addition to the effects of fractal parameters as pre-
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Figure 7 Effect of shear angle 6 on (a) normal and (b) shear deformation of joint

sented above, a number of the actual shear tests of rock
joints have also been simulated to show the perform-
ance of the model. The comparison of the predictions
with the measurements is given in figure 8. It can be
seen, at a low level of load, the predicted normal de-
formation satisfactorily agrees with the measurements;
at a high level of load, however, the predicted normal
deformation gradually deviates from the measure-
ments. Since the present constitutive model has been
derived based upon the contact geometry of a single
pair of asperities, the interaction of neighboring asperi-
ties has been neglected. In fact, as increasing in load,
some small asperities will emerge to form a large asper-
ity and some new contact spot will be created [28,
33~35]. The present model could be improved by con-
sidering the contact size-distribution and the number of
contact spots with respect to the load.

In the pre-failure part of shear, the shear deforma-
tions predicted by the model are in good agreement
with experimental results. After peak shear strength,
the competition of friction mechanism occurs between
the joint surface and the boundaries of the experimental
apparatus. The post-failure behavior of shear is, there-
fore, partially controlled by the boundary conditions.
The modeling of post-failure behavior of rock joints
might be more instructive if the boundary conditions
are specified.

4 Conclusions

In view of the difficulties in characterization of sur-
face roughness which prove to affect the properties and
mechanical behavior of rock joints considerably, the
fractal properties of fracture surfaces in rocks have
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been investigated. The analysis shows that naturally
developed fracture surface behaves like self-affine
fractals. The surface roughness can be quantitatively
characterized by fractal dimension which describes the
irregularity of the roughness, and the intercept of vari-
ance on its log-log plot which is closely related to the
slope of asperities. In addition, the correlation length of
the variance demarcates the roughness and waviness of
a periodic fracture surface. Although fractal parameters
may suffer from scale effect, a constant estimate could
be expected by the increasing of the sampling length
and the decreasing of the sampling intervals to some
extent.

Experiments have shown the evidence of fractal
parameters of surface roughness in influence of the
properties of rock joints under shearing [25]. To con-
firm the significant findings, a constitutive model of
rock joint is derived according to contact mechanics.
Numerical investigation reveals that fractal dimension
D, the intercept 4 and the correlation length r. are three

important parameters for the characterization of the
surface roughness of rock joints. High values of D will
give rise to lower normal stiffness and higher shear sti-
ffness. On the contrary, the low value of 4 will produce
a high normal stiffness and a low shear stiffness. More-
over, the greater the correlation length r. is, the greater
the normal and shear stiffness will be. These results are
convincingly in agreement with the experimental mea-
surements. The ratio of normal/tangential force has less
effect on normal stiffness, while it results in different
normal deformation regarding the magnitude of the
normal force obtained. The shear stiffness appears to be
normal force dependent. The higher the normal force,
the higher the shear stiffness.

The simulations for the modified shear tests per-
formed upon the constitutive model suggest that the
modeling of both normal and shear deformation prior
to the peak shear strength are in good agreement with
observations. A satisfactory mode! of rock joint, how-
ever, could be derived by considering the effect of the
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increase in contact spots and the total contact area due
to the emerge of neighboring asperities with load.
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