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Analysis and confirmation of fixed points in logistic mapping digital-flow chaos
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Abstract: The fixed points in logistic mapping digital-flow chaos strange attractor are studied in detail. When k=n in logistic equa-
tion, there exist no more than 2r fixed points, which are deduced and proved theoretically. Three corollaries about the fixed points of
logistic mapping are proposed and proved respectively. These theorem and corollaries provide a theoretical basis for choosing
parameter of chaotic sequences in chaotic secure communication and chaotic digital watermarking. And they are testified by simula-

tion.
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1 Introduction

Reference [1] discovered infinite fixed points in
the logistic mapping in researching logistic mapping
digital-flow chaos and describing their strange attrac-
tors. Clearly, confirming these fixed points has an im-
portant significance for creating chaotic sequences.
Because chaotic sequences have been applied to cha-
otic secure communication [2] and chaotic digital
watermarking [3], it is very important to analyse and
ascertain these fixed points.

Based on the research of reference [1], this paper
firstly analyses the fixed points in chaotic regions of
logistic mapping, and secondly proves that there exist
no more than 2" fixed points theoretically when k=n in
logistic equation, and finally proposes three corollari-
es on the fixed points.

2 Strange attractor of logistic mapping digi-
tal-flow chaos [4,5]

Logistic equation comes from a model of popula-
tion dynamics [6]. A simple one-dimension logistic
mapping is defined by the following difference equa-
tion.

X = M (1= x) nH

where x€(0, 1), # €(1, 4).
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Countless discrete points aperiodically locate on a
protruding parabola and shape its strange attractor,
which have been discussed in detail in references
{1,2,7,8].

Attractor is the end-result of system action, which
behaves in points or set in the phase space. There are
always three kinds of attractors in dissipation system,
i.e. constant attractor, period attractor and chaotic at-
tractor [9]. Constant attractor reflects the damp
movement when x state (or y) directly attenuates or
surgely attenuates with the value of time ¢, such as
steady crunode and focus in two-dimension spaces;
Period attractor behaves the period movement, such as
limit cycle; Chaotic attractor, another attractor differ-
ing from the above ones, is one that has numeric di-
mensions in phase space, such as the strange attractor
like 'helmet' in logistic mapping [1,7,8].

Definition If f*(x,)=f- f(x) = f*"(x,) then

Xois said to be a fixed point with the k™ degree.

3 Analysis and confirmation of fixed points
in logistic mapping

With the increase of y, digital-flow chaotic output
of logistic mapping experiences an evolution from
fixed points, period-doubling divarication (double
times, four times...), fitful chaos to chaotic state.
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Whether are there some fixed points which can not
create chaos in chaotic regions? Reference [1] has
proved that there are infinite fixed points in logistic
mapping if u € [3.571448, 4], and there appear at least
two fixed points for each y. However, this paper dis-
cusses the logistic equation in detail, and discovers
that there are other fixed points for each p which are
also ascertained. How are these infinite fixed points in
chaotic regions confirmed? For this purpose, a theo-
rem and three corollaries to answer the question
should be proposed. And they are verified by simula-
tion.

Theorem For logistic mapping x.,, = px.(1-x.),
x,€(0, 1), uE€[3.571448, 4], there exist infinite fixed
points, when k=n, existing no more than 2" fixed
points as follows.

A =1/ 241/21-41 p*x0,,
¥ =1/2-121-41 p*x,,
X3 =112+ 12 1-41 B,
1 =1/2-12,1-4/ p* 3, @

XED =1/241/21- 4/ * xZ9
X =1/2-1/2/1-4/ p* 52

and xo0=(u-1/p 3

Where x», is the A" fixed point while logistic

mapping has the n™ degree, m is rank of logistic
equation in processing.

Proof Logistic mapping x,, =tx(1-x) is a
discrete equation, so the induction for prove is used.

(1) When k=0, equation (1) is given by
= pxy(1- xp) “)

From the definition of fixed point, if x,;=xy, x; is a
fixed point, then x40 = (1 —1)/ 1 . Hence equation (3)
holds.

(2) When k=1, equation (1) has the form
X = ux(1-x) )]

If x,=xthen x,=(U—-1)/U=x,,, substituting

X, in equation (4) into x,, , obtain

{x;'g =1/2+1/21- 471 1% x

X2 =1/2-1/21-4/ ¥ x09

Therefore equation (2) is true.
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(3) When k=2, equation (1) is represented by
X3 = po(1-x,) 6)
If x;

X, in equation (5) into x, , obtain x7 —x; + Xoo / U =

=x, thenx,, = (U —1)/ L = xp, substituting

0 thenx{} =x{, substituting x in equation (4)

into x5}, obtain

A =1/2+1/2J1- 41 p* x)
X2 =1/2-11 21— 4/ p* 2

x% =x{y , substituting x, in equation (4) into x{7 ,

obtain

XD =1/2+1/21- 41 p*x2
X =1/2-121-4/p* 23

Therefore equation (2) is true.

(4) When k=n-1, equation (1) is given by

X, = I‘an—l (1 - xn—l) (7)
If Xp = Xp-15 = xn—l,n—l = (,u - 1)/# = x0.0
(1 (1)
X, =X,
(l) ) n-l,n-3 = *2,0
= Xplln2 = X0 = @ @ =
Xn1n-3 = X320

x(3)1 3 —x%

(2) (2) n=lne

= X2 = X0 = @ @ =
X3 = X2,0

X0 =1/2+41/21-47 p* 2,
xFo=1/2— 1/2,/1 4/ pu*x,

X2 =1/241/ 21— 4/ p* X%y
X2 =121/ 21— 4/ p*x% 0

Hence equation (2) holds.
(5) Considering k=n, equation (1) has the form
Xp4l = l'l-xn (1 - xn) (8)

If ,.y=x,, then x,,=(Uu-1)/p=x5,

(O]

M =
= a0 =x =..= Fad =0
nn-l ) _ 2
Xad = Xp10

@y _ 2

@1y @iy
(2) (2) xn,l - xn—l 0
=12 =x5 =..= =
Xnt = Xpi0



xD=1/2+1/21-4/p*x",

=
B =1/2-112/1-4/ p*xD,,
XBD =1/241/ 214/ p* 2%
=

X% =1/2-1/2,1-4/ p* %7

Therefore equation (2) is true.

From what have been proven above, if k equals to
any integer, equation (2) is all true. Obviously, it can
be concluded that there exist 2" fixed points from
equation (2).

What have been proven above is based on the con-
dition of square roots being real numbers. In view of
some square roots having complex numbers, these
fixed points do not exist, so when k=n, there exist no
more than 2" fixed points.

Corollary 1 For logistic mapping there have
a=wa(l-x), x €(0,1), # €[3.571448, 4],
when k=n, there exist no more than 2*' pairs of
fixed points.

Proof From the theorem, it can be easily concluded

(4) (2 )

that x®) and x%, x& and x9,...,x%and x

are 2" pairs of fixed points. In view of some square
roots that may be complex numbers, these fixed points
do not exist. Therefore there exist no more than 2"
pairs of fixed points.

When n=1, equation (2) is given by:

xl(lg =1/2+1/2 1‘4/#*X0'0
X =1/2-1121- 41 p*x09

If x,0=(u-1)/u is substituted into above equa-
tion, then x{y=(u~1/p, and x3 =1/, which
have been proven in theorem 1 in reference [1].

Corollary 2 For logistic mapping there have
X = M (1=-x), %€, 1), u€[3.571448, 4], at
k=n, the number of fixed points becomes more and
more with the increase of y. When p=4, there exist 2"
fixed points at most.

Proof A qualitative analysis is only made. From the
formal formula:

X0 =1/221/21-4/ p*x, .

where p €[3.571448, 4], obtain:

(1) When u <4, then 4/u >1, then 4 x,_ o /1t > %, .
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With the increase of iterating steps, 4 x,_, , /i is larger
than 1 quickly. Then 14 x,_, , /it < 0, square roots exit
complex numbers, that is, these fixed points do not
exist.

(2) When u=4, the formal formula is

X,0= 1/211/21/1—1:,,_1,0 . Because x, ,, is always

less than 1, at u=4, logistic equation has 2" fixed
points at most.

(3) With the increase of u, y is nearer to 4, so
4 x,_,,/u is not easily larger than 1, and square roots

of complex numbers are fewer, and the number of
fixed point is more.

For example when z=3.6.

o0 =0.72222222 .
X =0.72222222, x2 =0.27777777 .
A =0.72222222, »3 =0.27777777 .

23 =0.91573971, x5 =0.08426029 .

xgﬁg =1/2+1/2*y—0.01748856 is a complex num-
ber.

(6)

X3 is a complex number too.

Therefore these two fixed points do not exist.

Corollary 3 For logistic mapping there have
Xen = (1-x), €, 1), u€[3.571448, 4], at
k=n, each fixed point converges to a same value,

Xoo=(U-1/p.

Simulation, shown in figure 1, indicates that each
fixed point converges to the same value, x;,.Butitis
unstable since { f'(x0) > 1. Figure 1(a) is the output
of logistic mapping in fixed point, where k =50, it =
3.6, x3=0.9157397099. Figure 2(b) is output of logistic
mapping in fixed point, where k=50, u=4,
x,=0.93301270189

Figure 2 is output and strange attractor of logistic
mapping in fixed point, where k =100, u =4, x (=0.75.

Figure 3 is distributing chart of fixed points in lo-
gistic mapping, where k = 5, i = 4, x, = 0.75. From
this graph, these fixed points can obviously avoided
when the chaotic mapping is built.

Practically, because of the limit of computer preci-
sion, it is very difficult to get the accurate fixed points.
When the computer iterates n steps, the system all en-
ters chaotic state. This is the reason why there are in-
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finite fixed points in theory, but in practice, it is too
difficult to find them except for some real number
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without arithmetical compliment (such as 0.25, 0.75,
see figure 2). Figure 1 shows the conclusion.
1.0
091®
08} 075
0.7}
0.6 |
05¢t
04}
03¢+
02} !
0.1} ,
9035 10 15 20 25 30 35 40 45 50
k

x(k)

Figure 1 Output of logistic mapping in fixed point, (a) k=50, y=3.6, x,=0.9157397099; (b) k=50, p=4, x,=0.93301270189.
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Figure 2 Output and strange attractor of logistic mapping
in fixed point, k=100, u=4, x,=0.75.

4 k=5
3 k=4
k=3
2
e
1 k=2
0 1 L /.F} ) 1 1 P L ]
0 0.2 0.4 0.6 0.8

Figure 3 Distributing chart of fixed points in logistic map-
ping.
4 Conclusions

In this paper, the fixed points of logistic mapping in
chaotic regions are analyzed. One theorem and three
corollaries are presented to determine all possible
fixed point with k" degree, and give their expressions.
These theorem and corollaries provide a theoretical
basis for choosing the chaotic sequence parameters in
chaotic secure communication and chaotic digital wa-
termarking. Fortunately, it is not easy to enter these
points for logistic mapping. Practically there are two
reasons as follows: (1) The fixed point

X0 =(U-1D/pu is a repelling fixed point for u&
[3.571448, 4] because of | f (x40)>1; (2) Computer

has limited precision. However, the results of theory
and simulation imply that using logistic mapping as
secure communication might not be safe (see figures
1-3).
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