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Abstract: Finding the optimal algorithm between an efficient encoding process and the rate distortion is the main research in fractal
image compression theory. A new method has been proposed based on the optimization of the Least-Square Error and the orthogonal
projection. A large number of domain blocks can be eliminated in order to speed-up fractal image compression. Moreover, since the
rate-distortion performance of most fractal image coders is not satisfactory, an efficient bit allocation algorithm to improve the rate
distortion is also proposed. The implementation and comparison have been done with the feature extraction method to prove the effi-

ciency of the proposed method.
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1 Introduction

Since the introduction of fractal theory in image
compression [1-4], several research works have been
made to improve the efficiency of this method [5-9].
The motivation for fractal image compression is that
images contain not only the spatial redundancy incor-
porated into the transformation coder image model,
but also redundancy in scale [4, 10]. Fractal compres-
sion takes advantage of this redundancy in scale by
using coarse-scale image features to quantize fine-
scale features [9, 11]. While the transformation coder
takes advantage of every simple structure in images,
the fractal compression on the contrary considers all
the image features, including straight edges and con-
stant regions. When compared with the Vector Quan-
tization (VQ) [5, 12, 13], the vector codebook in frac-
tal compression is constructed from locally averaged
and sub-sampled isometries of larger blocks of the im-
age; this codebook is effective for coding constant re-
gions and straight edges due to the scale invariance of
these features.

The recent research works on fractal compression
theory [5-7, 14, 15] allow us to conclude that (1) the
potential of transformations in the geometric domain
is huge and probably poorly exploited by a linear
model of only 8 isometries; (2) the extension of the
number of transformations does not necessarily result
in an increased coding complexity. If a good predic-
tion mechanism is in place, the best matching trans-
formation can be found without involving a compli-
cated search. This approach has been focused on in
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this paper using an adaptive search based on the or-
thogonal projection and the least-square error optimi-
zation.

One key problem with any extended model would
be to provide a good control mechanism for solving
the local inverse problem, i.e. selecting the best trans-
formation between two blocks without performing a
complete search through a large pool of transforma-
tions [16].

The conditions imposed by the optimization and the
orthogonal projection can disqualify many domain
block candidates during the encoding process [6, 17,
18,]. The well-known classification methods also al-
low significant reduction of the encoding complexity.
The problem with a classification method is that it re-
duces only the search of the domain pool by a factor at
most equal to the number of classes [19, 5]. Similarly
research which have been done in this field, such as
the nearest neighbor method [20, 13] and the fast sear-
ch approach, has failed in the quality of compression
{7,91.

In this paper, we use the feature extraction method
to extract the feature of each range and domain block
at first, then we make the pixel-by-pixel comparison
to match the best domain block, a method for bit allo-
cation is also introduced to improve the rate distortion
and the conclusion is given finally.

2 Review of fractal image compression

The mathematical principle of fractal image com-
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pression consists of approximating an image f seen
as an element of a complete metric space (X 0 ), by
the unique fixed point f, =W(fw) of a contractive
mapping W :X — X [1]. The encoding process is as
following, the sampled square grey-scale digital image
is partitioned into disjoint 2"%x2"  blocks
r={ri,i=1,...,nR} called range blocks and
d={d’,j=1,.,np} of square domain blocks called

domain blocks, which are taken from the same image
as the range blocks. The domain block consists of all
271 x 2" square blocks whose top-left pixels are
situated on a lattice with a fixed vertical and horizon-
tal spacing. For each range block r’, a transformation
W, is found, which approximates the range block r'
by the block

“’,-(ri)=si’l'pdj+0,- (1)
where 7,,p=1,---,8 is an isometry which transforms
the domain block. s={s;,---,s, JcR is a scaling
factor (contract), and o= {01 ,o -,o,,n} is an offset
(brightness), calculated by the below formulae:
o =2
(ri-FLd’-d'I)
o 2
a1

$; = s 0i=’_;'—si3j 2

where (-} is inner product and 7= Zr,fk/nz,
ISisn
k< jsn
d/ = Zd/_',‘/n2 and I are the average intensities of
ISign
k< jsn

riand d’, and the identity matrix respectively.

The mapping W is found by minimizing the dis-
tance A(,) (local collage error) between f and
W(f)in a set of many candidate contractive map-
pings. In practice the encoding process is as following,
for a given range block r’ each approximation of the
local collage error is computed using the formula

A, )= ¥ (s7,d/, +o-ri,f 3)
1 n
And the rate distortion is determinate by
(r-71,d/-d')

B d)=lr = Fif - a7 a1 4)

=l — 7l = st - @

where
s=mkaxsk R o=m,flxo,c (5)
and | | is the usual two-norm.

The compressed image is obtained by storing the
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coefficients (r',d’,s;,0,,7,). The decoding process
starts with an arbitrary image, then after a certain
number (depending on the encoding process) of itera-
tions we obtain the original is obtained [4, 5, 14].

The main drawback of this method is the long en-
coding time [4, 16, 17]. Therefore, this broad principle
encompasses a very wide variety of coding schemes
which have been introduced to minimize this encoding
time and improve the quality of compression {5, 6,
10}

3 Optimization of the collage error

3.1 Static approach

The first decision to be made when we use fractal
theory to compress an image is the choice of the type
of a partition of range block [3-5, 21]. This is because
domain blocks must be transformed to cover range
blocks, and restrict the possible sizes and shapes of the
domain blocks.

Let A(df , r") be the collage distance error between
range block r’/ and domain block d/. By combining
formula (3) and formula (1), we have:

8@, r)=X ¥ st @i ~diy - i -7 ©
1 n
Formula (4) can be written as
Ad?,r)=Y Y (s7,d/, = 7ih)? )
I n
where
Fi=rl,~rand d'=d/,—d’ (8)

The optimization of the collage distance error can
be formulated as follows, for each isometric 7, find
the most similar domain block, which can be written
as the follow:

W,-(?‘)ss*t,,gj )
3.2 Orthogonal projection

According to the orthogonal projection described
by Dietmar Saupe and the theorem 6.1 (see reference
[4], [S]) the minimization of the square error can be
written as follows:

Ad’,r)=(r',¢(r ))ﬁ —(o(a’) o) (10)

where 4)() is the normalized operator.

Thus, the minimization of the collage error
A(d i ) among domain codebook blocks d’ can be
achieved by an angle criterion: the minimum of
A(d nr ) occurs when the squared inner product
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(#(@)o())° is maximal. Since (¢ld')o(r) =
coszz(d)(d i ),¢(r")), the maximization of A(dj ,r’)
is made at the minimal angle.

In practice we compute the normal vector of the
range and the domain block, then we determine the
angle between two vectors.

3.3 Adaptive search

Formulae (7) and (9) do not guarantee the best es-
timation of the collage error, because only part of the
upper bound for A{d/,r’) is minimized, and it is as-
sumed that the contracting factor for s would not
significantly affect the bound. Furthermore, if s is
only eventually contractive, it is also assumed that s
would minimize A{d/,r') for suitably large number
of domain blocks, which is not necessarily true.

So in order to make a best optimization of the col-
lage error, we need to constrain the range of the scal-
ing parameter (to ensure a contractivity) as well as
quantizing the parameters for compression. So, it is
better to work with a set of quantized fractal parame-
ters {s,,,-}. And formulas (7) and (9) can be written as

WiF)=(s—s)r,d’ (1D
8. )= 33 - 5., e, dl, 7L ) (12)
! n

Figure 1 shows the comparison of the number of
range and domain blocks between the proposed
method and the feature extraction method.
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Figure 1 Range-domain block simulation result.

Figure 1 is obtained using the Lena image with
256x256 size. We can see that, for the same number
of domain blocks and feature tolerance, the number of
the range blocks using the new method is greater than
the number of range blocks of the feature extraction
method (at the same feature value). This means that
the new method increases the number of domain
blocks (because the number of range blocks is fixed).
In addition the new method is more flexible than the
feature extraction method.

Figure 2 shows the compression ratio. Peak Signal
Noise Ratio (PSNR) curves for the proposed method
and the feature extraction method applying the same
image Lena with size 256x256. The new method im-
prove significantly the compression ratio.
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Figure 2 Implementation of the proposed method.

4 Bit allocation optimization

The Rate-Distortion theory is often used for solving
the problem of allocating bits to a set of classes, or for
bit rate control in general. The theory aims at reducing
the distortion for a given target bit rate by optimally
allocating bits to the various classes of data. In this
section we tackle the problem of rate-distortion by in-
troducing an algorithm to accelerate the domain block
search and improve both the rate-distortion perfor-
mance and the decoding speed.

Let us denote by b, the total number of bits for a
quadtree encoding in which the minimum range size is
22x2%and the maximum range size is 2" X2,
Our objective is to find a quadtree encoding that
minimizes A(d Ir ) subject to a constraint on by, .
The optimal solution for the b,y can be found by
solving independently for each i€ {i,---,mz} of the

unconstrained problems
min A(d/, r Md; + Ably (13)

where

22((3 =50, )i~ an)z, if s#s,
A(dj,ri)= b _
22(3 T,d /= 71,‘}.)2, otherwise

1 n
(14)
and
boeld’ )= {I_IOgZ s, -|+ [log,np |+5, if s#s.,
e rlog 2 ns-l otherwise
(15)

A20 is a Lagrange multiplier. The optimal value
of A is not a known priori and depends on the par-
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ticular bit-budget. The optimal A can be found by

using the bisection search [11] (where recursions with

different A values are used to approach the bit budget)
which is computed intensively. Using the approxima-

tion described in [22], the relationship between A

and s could be reasonably approximated as

A=0.85s2 (16)

The uniform quantization and fixed-length codes
for the scaling factors and the offsets, where
A(d’/,r) and bi, denote the total collage error and
the total number of bits corresponding to a quadtree
structure in a region of maximum size.

4.2 Extension to quadtree partition

In this section, we will generalize formula (16) to
the range r' where the least square error is greater
than the estimated tolerance.

Let nef2,.nu} and let R" be a 2"x2"
block in a region of maximum size. We denote the
number of bits rate and the collage error by
bgm(r" ,d f) and A(d" ,r"), respectively correspond-
ing to the bit ratio and the collage distance error. The
optimal encoding as a leaf node is found using for-
mula (16).

For n>2 let the four subblocks of r’ be denoted
by r*",n=1,---,4. Suppose that the optimal quadtree
structures for these four subblocks are known. Let the
total number of bits and the total error of the subtrees
corresponding to these optimal quadtree structures be
denoted by bh.(d/,r™) and A°(d’,r*), then the
four subtrees are combined into a leaf [5]. Let
Agis (d J ,r") and by (d irt ) be respective the error of
the collage distance and the bits rate, which can be
used for the range block matching. The relationship
between them can be written as:

Age(d?,rm)S by (d/,r') (a7
where

Age(d’,r)= AO(df,rf)-f;A'(df,r"»n (18)
and

bd,-f(dﬂr‘):ib;,e(d",r""')— b (d’,r) (19)

n=l

The number of bits needed to represent the subtree
for block r" is

14 82.(d7,r'), if Agr < Abge
bmm(d L )= 1+ ib;,.e (d J,rim )} otherwise €20)

n=l

and the resulting error is
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A° (d Y ,r’),
aldr)= iA‘(d",r"""'), otherwise

n=}

lf ddif < ﬂbdifr
(21)

4.3 Proposed algorithm

There is no optimal method for bit allocation; for
example: the method mentioned in [1, 2, 5] starts with
zero bit allocated for all classes, and to find the class
which is most 'benefited’ by getting an additional bit.
The 'benefit' of a class is defined as the decrease in
distortion for that class. In our approach, we keep on
reducing one bit at a time until we achieve optimality,
either in distortion or target rate or both. The follow-
ing steps describe our approach:

1) Initially, all range block are allocated a prede-
fined maximum number of bits.

2) For each range and domain block, one bit is re-
duced from its quota of allocated bits, and the distor-
tion due to the reduction of that 1 bit is calculated.

3) Of all the selected domain blocks, the domain
block with minimum distortion for a reduction of 1 bit
is noted, and 1 bit is reduced from its quota of bits.

4) The total distortion for the domain candidate
blocks is calculated using formula (16).

5) The total rate for all range blocks is calculated as
in (16).

6) Compare the target rate and distortion specifica-
tions with the values obtained above. If not optimal,
g0 to step 2.

Figure 3 shows the effective compression ratio at
each level of bit plane decoding.

40 10*

Compression ratio

10

PSBR/dB
™
S

Compression ratio (Log scale)

Bit allocation

Figure 3 relationship between the Bit Allocation, the Com-
pression Ratio and the PSNR.

Figure 3 represents error and compression as a
function of bit plane number. The number here corre-
sponds to the 256x256 “Lena” image encoded with
the Adaptive search method.

5 Conclusions

A coding scheme that efficiently combines fractal
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image compression based on the optimization of the
collage error and the orthogonal projection has been
presented. The results prove the efficiency of this
method. This method can also be extended to other
compression methods, such as the nearest neighbor
search method, the classification domain to improve
their efficiency, and the fast encoding method.
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