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Abstract: Mathematical models of the grinding process are the basis of analysis, simulation and control. Most existent models in-
cluding theoretical models and identification models are, however, inconvenient for direct analysis. In addition, many models pay
much attention to the local details in the closed-circuit grinding process while overlooking the systematic behavior of the process as a
whole. From the systematic perspective, the dynamic behavior of the whole closed-circuit grinding-classification process is consid-
ered and a first-order transfer function model describing the dynamic relation between the raw materia and the product is established.
The model proves that the time constant of the closed-circuit process is lager than that of the open-circuit process and reveals how
physica parameters affect the process dynamic behavior. These are very helpful to understand, design and control the closed-circuit
grinding-classification process.
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1 Introduction

Mathematical models of the grinding process are
the basis of its analysis, simulation and control. Due to
the complexity, characters of the grinding process are
not yet very well known. It is arduous and not neces-
sary to build a model to describe every aspect of the
process. Based on different assumptions many
mathematical models of the grinding process have
been presented. To model the mill there are the matrix
model, the first-order kinetic model, and the perfect
mixing model [1-2]. On the basis of these basic mod-
els, some new models for different uses were pro-
posed, such as the autogenous grinding model [3] and
the cement grinding model [4]. To model the hydrocy-
clone there are the equilibrium orbit model, the resi-
dence time model and the turbulent two-phase flow
model [5-6]. These theoretical models are mainly used
for computer simulation and are too complex to ana-
lyze. Meanwhile some researchers developed models
based on identification methods using the input-output
data. A transfer function model was frequently derived
from the step response of the real process or the com-
puter simulation. Such model has been used in many
control methods, such as model predictive control [7],
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multivariable control [8], and supervisory control [9].
Identification models are comparatively simple and
are easier for the controller design. However, identifi-
cation models are black-box models describing no
physical principles inside the process, and the
parameters of the models have no direct functional
relation with the physical parameters of the process,
so they are inconvenient to analyze.

What is the difference between the closed-circuit
process and the open-circuit process? How do various
physical parameters affect the dynamic behavior of the
closed-circuit process? Some answers to such ques-
tions have been obtained from experience, but the an-
swers fail to be proved in theory owing to the lack of a
convenient model for analysis. The theoretical analy-
sis is indispensable for the further understanding of
the laws inside the process and beneficial to design
and control as well. Since the dynamic behavior of the
closed-circuit process depends on not only the mill but
also the hydrocyclone, it is necessary to consider the
closed-circuit process as a whole. Many models, how-
ever, pay so much attention to the details of the mill or
the hydrocyclone that they present little analysis from
the systematic perspective.
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The purpose of this paper is to model and analyze
the whole closed-circuit grinding-classification proc-
ess from the systematic perspective. A first-order
transfer function is derived. The input of the model is
the mass flow of the rough ores fed into the mill and
the output is the mass flow of the fine particles in the
hydrocyclone overflow. The model describes the dy-
namic relation between the raw material and the prod-
uct. The pole analysis of the transfer function proves
that the time constant of the closed-circuit process is
lager than that of the open-circuit process and reveals
how various physical parameters affect the process
dynamic behavior.

2 Dynamic model

Figure 1 is a typical closed-circuit grinding-
classification process composed of a ball mill and a
hydrocyclone. The function of the ball mill is to
minimize the particle size and the function of the hy-
drocyclone is to separate the fine particles from the
coarse particles. The fine particles in the hydrocyclone
overflow are the products of the grinding process
while the coarse particles return to the mill to be
ground again. For analysis, the whole closed-circuit
grinding-classification process is represented by the
block diagram shown in figure 2.

Product

Hydrocyclone

Raw material

Belt

Ball mill Sump -

Figure 1 A typical closed-circuit grinding-classification
process.
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Figure 2 Block diagram of the closed-circuit grinding-

classification process.

Since the sump is often controlled by a liquid level
controller, the change of its volume is marginal and
the time constant is small, so the sump is omitted in
figure 2. F is the mass flow of particles in the raw
material, M the mass flow of particles into the mill,
Q the mass flow of particles out of the mill, P the
mass flow of particles in the hydrocyclone overflow,
and R the mass flow of particles in the hydrocyclone
downflow. Let F, A, Q, P R denote the
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mass flow of particles in size class i of F, M , O,
P, R, respectively. The perfect mixing model [1-2]
is convenient to describe the dynamic behavior of the
mill because it is a lumped parameter model.

ds; (1)

il
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t
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where s(t) is the mass of particles in size class i at
time ¢ within the mill, 1 the rate at which particles

in size class i break, a, the breakage distribution

i

which describes the fraction of particles breaking into
size class i due to the breakage of size class j.

In order to simplify the analysis, only two size
classes are considered: one is the size class of coarse
particles larger than a standard size and the other is the
size class of fine particles smaller than the standard
size. The former is denoted by the size class A and the
latter is denoted by the size class B. The method to de-
scribe particles using two size classes is common in
practice because of simplicity. Let  z,.,  Z.p» Zuo
ZuprZun denote the percentage of coarse particles
and F, M, O, P, R,
of the coarse particles. In common cases, the particles

denote the mass flow

in raw material are all coarse, so z,, = 1. From equa-
tion (1) the dynamic function of the breakage of coar-
se particles inside the mill is

d
";TA:MA—QA—KTSA (2)

where K, =(1-a,,)r, , denoting the transformation
rate for the coarse particles to break into the fine parti-
cles.

In the analysis below, two assumptions are of criti-
cal importance [1, 3].

Assumption 1 (Perfect mixing of the mill): Every
place inside the mill has the equal concentration and
the equal particle distribution.

Assumption 2 (Constant holdup of the mill): The
outflow of the mill is equal to the inflow.

Based on the two assumptions,
S,=Vz,, (3)

where V is the volume of particles inside the mill.
Substitute equation (3) into (2) to obtain

dZAQ

v =Mzam —Qzaq — K1Vzaq (4)

Since Q4 =Qzag . then

@ 0 old ®)

Substitute equation (5) into (4) and obtain
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2

Because the time constant of the hydrocyclone is
much smaller than that of the mill [1], the steady-state
model is considered only. Considering the purpose of
this paper is to analyze the behavior of the whole pro-
cess, the ideal separation model [10] is adopted to fa-
cilitate analysis.

R = KAQA + KB(Q_QA) (7)
P=(1-K)Q,+(1-K,)(Q-0) ()

This model assumes that K, percent of the coarse
particles enter the hydrocyclone underflow returning
to the mill to be ground again, while K, percent of
the fine particles enter the hydrocyclone underflow. In
common cases, there are conditions: 0< Ka <1,
0<Kg<l,and K,>Kj.

When the mill model and the hydrocyclone model
are constructed, the transfer function model of the
whole closed-circuit grinding-classification process is
derived below. The mill model (6) is a nonlinear dif-
ferential equation and can be linearized in the local
area of the steady-state values. Let F, M, O, P,
R denote the steady-state values of the mass flows
respectively and similarly use the variables with the
overline to denote the steady-state values of the corre-
sponding variables. The real values are denoted by the
incremental representation, for example F=F+f
and F,_ F,+f, where the lower case letters denote
the variation values from the steady-state values. After
linearization of equation (6),
99n _0Ondg_20%am _0On 0

Z A 24K
a ga- v Ty Iy K O

Based on the two steady-state functions

M=0
_ _ (10)
MzZam —0Zaq — K1VZag =0

we can obtain

Zam = (K17 +1)Zaq (11)

Ga(s) =76 _ Kag(s) + Kn(9(5) = ga(s))

where T = V/Q_, denoting the average time for the
particles to pass through the mill.

In addition, according to the six steady-state func-
tions

R=KxQZaq +Kp(Q-0%aq)

P=(1-KA)QZaq +(1-KpXQ - 07aq)

P=F

_ (12)
M=F+R

EZ_AR=KAQZAQ

Mzsm =Rz +F
we can obtain
ZAM=1_KB+KBZAQ (13)

From equations (11) and (13), we can derive

Tro = 1-Kpg

AQ 1+ K17—Kp (14)
7 _1+KTT—KB—KBKTT

M 1+ K17—-Kp

Substitute equation (14) into (9) and represent the
model by the form of the transfer function to obtain

S+2KTT+1
GA(S)=qA(S)= I_KB 2. (15)
q(s) 1+K1t—Kp S+KTT+1
T

The whole closed-circuit grinding-classification
process is represented by the block diagram of the
transfer functions shown in figure 3.

r(s)

r Gy(s)
Guls)

As) q(s)

Transfer function representation of the closed-

puls)

Figure 3
circuit grinding-classification process

In figure 3,/(s), q(s), r(s), py(s) denote the
Laplace transformation of f, q, r, and p,, re-
spectively. f is the mass flow variation of the raw
material and p, the mass flow variation of the pro-
duct in the whole process.

=(KaA—~Kp)Ga(s)+Kp

q(s) q(s) (16)
Gp(s) = pe(s) _ (1-Kg)(g(s)—ga(s)) _ 1= K5 —(1-K5)Ga(s)
q(s) q(s)
The transfer function of the whole grinding process tain the parameters of G(s):
is a =K1t —KAT+7T
Ge)= ?((ss)) e e (7 o0 =KeKera 2Kara Kt =K -2KakaT )

Substitute equations (15) and (16) into (17) to ob-

b= I(T'l'2
by =KgK1T+ KT2T2
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3 Dynamic behavior analysis

The transfer function facilitates the dynamic be-
of the
classification process. What we concern mostly is the

havior analysis closed-circuit grinding-
time constant of the process. The time constant re-
flects the speed of dynamic response. In a fist-order
transfer function, the time constant equals the recipro-
cal of the distance from the pole to the origin so the

analysis blow concentrates on the pole.

The transfer function G.(s) has four parameters
which are determined by the four physical parameters.
K, and t are the parameters of the mill while KX,
and K, are the parameters of the hydrocyclone. They
are all defined in the section above. G/(s) is deter-
mined not only by the mill but also by the hydrocy-
clone, illustrating the necessity to analyze the closed-
circuit process from the systematic perspective. The
pole of G(s) is
Pe=-2%0_

Q)
_ KgK1T+2KT+ I(%’Z'2 +1-K5 -2K K11
Kit?~Ka t+71

(19)

The analysis of the pole is able to answer a signifi-
cant question: "What is the difference between the
closed-circuit process and the open-circuit process?"

-1.0 @

0.0 0.5 1.0
KA
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The open-circuit process is equivalent to the closed-
circuit process in the special case where K, =0 and
K, =0. In the case the hydrocyclone is equal to a
connector and the coarse particles and fine particles all
enter the overflow. The transfer function of the open-
circuit process is

K+t s+Kt
Go(s)= (20)
O 1kt KT+l
T
The pole of Go(s) is
Po=—@ (21)

From equations (19) and (21), it is easy to calculate

_Kr(Ka-Ks)

Pc - P
¢ ° 1+ K17—K4

(22)

So when an open-circuit process becomes a closed-
circuit process, the pole of the process moves towards
the origin. At the same time, the time constant be-
comes large. This is an important difference between
the closed-circuit process and the open-circuit process.

Another significant question to be answered by the
analysis of the pole is "How do various physical
parameters affect the dynamic behavior of the closed-
circuit process?" P  varying with the four physical

parameters is shown in figure 4.
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Figure 4 P, varying with the four physical parameters: (a) 1, (b) K. (c) K; (d) K,

In figures 4(a) and (b), it is easy to see when T in-
creases or K, decreases, P moves towards the ori-
gin. Meanwhile, the time constant of the process
grows and the dynamic response becomes slow. Large

T and small K, reflect the ability of the mill to

break particles is weak, and the transformation rate
from the coarse particles to the fine particles is small
and particles need to stay inside the mill for a long
time. In this case particles have to circulate more
times in the process, so the time constant is large.
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In figures 4(c) and (d), when K, increasss or Kg
decreases, P, moves towards the origin. Meanwhile,
the time constant of the process grows and the dy-
namic response becomes dow. The increase of Ka
and the decrease of Kg reflect the separating ability
of the hydrocyclone is improved. In the ided case,
where Ky=1 and Kz =0, dl the coarse particles
enter the underflow and dl the fine particles enter the
overflow. The hydrocyclone separate the fine particles
from the coarse particles completely. In the worst case,
where Ky =0 and Kg=0, the coarse particles and
the fine particles dl enter the overflow. The hydrocy-
clone loses the separating ability and the case is
equivalent to the open-circuit grinding process.

4 Conclusions

From the systematic perspective, afirst-order trans-
fer function modd of the closed-circuit grinding-
classfication process is built. The input of the modd
is the mass flow of the rough particles and the output
is the mass flow of the fine particles in the hydrocy-
clone overflow. The modd describes the dynamic re-
lation between the raw materid and the product. The
pole analysis of the transfer function answers two im-
portant questions in theory: "What is the difference
between the closed-circuit process and the open-
circuit process?’ and "How do various physica
parameters afect the dynamic behavior of the closed-
circuit process?' The modeling and andysis of the
dynamic behavior of the closed-circuit grinding-
classfication process provides a sysematic method

helpful to understand, design and control the process.

References

[1] A.J Lynch, Mineral Crushing and Grinding Circuits, El-
sevier Scientific Publishing Company, New York, 1977,
p.27.

[2] W.J Whiten, A matrix theory of comminution machines,
Chem. Eng. Sci., 29(1974), p.585.

[3] W. Vdery and S. Morrell, The development of a dynamic
model for autogenous and semi-autogenous grinding,
Minerals Eng., 8(1995), No.11, p.1285.

[4 M. Boulvin, AV. Wouwer, R. Lepore, et al., modeling and
control of cement grinding processes, IEEE Trans. Control
Syst. Technol, 11(2003), p.715.

[5] L.R. Hitt and B.C. Hinthoff, Cyclone modelling: A re-
view of present technology, CIM Bull., 80(1987), No.9,
p.39.

[6] C. Wu, N. Zydek, and F. Parma, Evaluation of hydrocy-
clone models for practical applications, Chem. Eng. J.,
80(2000), p.295.

[71 A.J Niemi, L. Tian, and R. Ylinen, Model predictive con-
trol for grinding systems, Control Eng. Pract., 5(1997),
No.2,p.271.

[8] M. Duarte, F. Sepulveda, A. Castillo, et al., A comparative
experimental study of five multivariable control strategies
applied to a grinding plant, Powder Technol., 104(1999),
No.1.p.1.

[9] V.R Radhakrishnan, Model based supervisory control of a
bal mill grinding circuit, J. Process Control, 9(1999),
No0.3,p.195.

[10] A.L. Mular and GV. Jergensen, Design And Installation of
Comminution Circuits, American Ingtitute of Mining,
Metallurgical, and Petroleun Engineers Inc., Maryland,
1982,p.301.



