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Abstract: The molten liquid flow inside a packed bed is a familiar momentum transportation phenomenon in a blast furnace. With 
regard to the reported mathematical models describing the liquid flow within a packed bed, there are some obstacles for their applica-
tion in engineering design, or some limitations in the model itself. To overcome these problems, the forces from the packed bed to 
the liquid flow were divided into appropriate body and surface forces on the basis of three assumptions. Consequently, a new 
mathematical model was built to present the liquid flow inside the coke bed in a blast furnace. The mathematical model can predict 
the distribution of liquid flowrate and the liquid flowing range inside the packed bed at any time. The predicted results of this model 
accord well with the experimental data. The model will be applied considerably better in the simulation on the ironmaking process 
compared with the existent models. 
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1. Introduction 

The molten liquid flow inside a packed bed is a 
typical momentum transportation phenomenon in the 
dropping zone of a blast furnace. The study on the liq-
uid discrete flow inside the packed bed will give a 
theoretical base for mathematical simulation of the 
ironmaking process, and therefore, give guidance for 
the development of the ironmaking process. As to the 
reported mathematical models describing the liquid 
flow within the blast furnace, there are some barriers 
for their application to engineering scale-up or some 
limitations in the mathematical descriptions. 

The first kind of model, taking the continuum ap-
proach [1-6], determines the components of liquid ve-
locity and the liquid pressure using the equations of 
continuity and motion. The equations used in this ap-
proach were solved in the domain, which was the liq-
uid flowing zone in the packed bed, but not the whole 
bed zone where all particles were packed. That is to 
say, the continuum approach could not predict the liq-

uid flowing extent inside the packed bed. 

Another kind of model, which may be called the 
structure model [7-10], takes into account the specific 
structure of the packed bed. It can predict the liquid 
flowing extent inside the packed bed; however, the 
numerical grids for the solution of transportation 
equations coupled with this kind of model should cor-
respond to the size of packed particles, and this will 
increase the computational work considerably [11-12]. 

The third kind of model, the so-called force balance 
model [13-15], in which three forces of gas drag force 
acting on liquid droplets, the gravity of liquid droplets, 
and the resistance force from bed particles to liquid 
are balanced, is unable to describe the dispersal phe-
nomenon of a liquid stream starting from a point in the 
packed bed. 

In the fourth kind of model, which may be called 
the probability model [11,16-17], the dispersal phe-
nomenon of a liquid stream starting from a point in the 
packed bed was described using a stochastic velocity 
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variable and its distribution function. However, this 
kind of model has not yet given the prediction of the 
non-steady liquid flow inside the bed after liquid 
stream is introduced to the packed bed. As a model 
parameter, the maximum of stochastic velocity vari-
able was determined by the slope of a tangent of the 
experimental curve in the probability model. There 
should be enough experimental data points beside the 
tangent point in the experimental curve. However, in 
this model, there was only an experimental point be-
side the tangent point [16], and the other data points in 
the experimental curve had little contribution to the 
determination of the model parameter. 

The purpose of this study is to produce an alterna-
tive mathematical model that can be used to simulate 
liquid flows within the coke-packed bed in a blast 
furnace. This model will have a considerably more 
complete mathematical description of liquid flow in-
side the packed bed, in contrast to the force balance 
model and the probability model, and it can predict the 
distribution of liquid flowrate, and especially the liq-
uid flowing extent inside the packed bed, which can-
not be realized by the continuum approach. The nu-
merical solution of this model may be performed in 
the same grid system as used in the numerical solution 
for general transportation equations, and is not needed 
to carry out in the numerical grid corresponding to the 
size of packed particles any more. 

2. Mathematical model 
Owing to the non-wetting feature between molten 

liquid and coke particles, the molten liquid flows as 
droplets inside the bed packed by fuel particles [11, 
13]. This liquid discrete flow can be represented using 
several variables, i.e. the interstitial velocity, 

( )l l l,x yu u=u , the volume fraction of flowing liquid, εl, 
and the diameter of liquid droplet, dl. 

2.1. Assumptions used in the model 
This model uses the following three assumptions. 

(1) The direction of the bed resistance force, rf , is 
opposite to the direction of liquid flow, and this may 
be expressed as 

r lR= −f u  (1) 

where 

R lR k ε=  (2) 

Rk  may be determined by experiments, and in this 
study, kR is obtained from Ref. [2]: 
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where ε  is the voidage of the packed bed, lμ  the 
liquid viscosity, and pd  the diameter of the packed 
particle. 

(2) There is no surface force on the control surface 
perpendicular to the direction of the liquid velocity, 

lu . 

(3) The normal stress, pnn , on the control surface 
parallel to the direction of liquid flow, is proportional 
to the volume fraction of the flowing liquid in bed: 

lp kε=nn  (4) 

where k  is a model parameter and may be deter-
mined by experiment, n  the unit vector perpendicu-
lar to the control surface, which is parallel to the di-
rection of the liquid velocity lu ; l ⋅u n =0. 

The force balance model uses the first assumption 
only to describe the bed actions to the flowing liquid, 
and the description is not complete. As illustrated in 
Fig. 1, a liquid stream is introduced at a point on the 
top of the packed bed, and subsequently flows down-
wards owing to the action of gravity. The stream is 
composed of several liquid droplets and is dispersed. 
After the liquid flow in the bed achieves steady state, 
the breadth of the lower part of the stream is larger 
than that of the upper part of the stream. In this case, 
the direction of the initial liquid flow caused by the 
liquid gravity is vertically downward. If only use the 
first assumption, the direction of the liquid flow and 
that of the bed resistance force are in the same plumb 
line, that is to say, the liquid stream cannot be dis-
persed. The bed resistance force expressed by the first 
assumption and the liquid gravity are two body forces 
that act on the inside of the control volume. They 
cannot be used to completely describe the dispersal 
phenomenon of the liquid stream illustrated in Fig. 1. 
The forces from the packed bed to the flowing liquid 
should include not only the body force but also the 
surface force acting on the surfaces of the control 
volume. The surface forces are presented by the sec-
ond and the third assumptions. 

 
Fig. 1.  Dispersal phenomenon of a liquid stream in a 
packed bed. 

The second assumption arises from the phenome-
non illustrated in Fig. 2. The forces causing the 



C.S. Wang et al., A mathematical model capable of describing the liquid flow mainly in a blast furnace 507 

movement of discrete liquid droplets inside the packed 
bed is the gravity of the liquid droplets and (or) the 
gas drag force to the liquid droplets, rather than the 
liquid pressure. As designated in Fig. 2, while all liq-
uid droplets are flowing together in a stream line, liq-
uid droplets do not contact the liquid droplets in front 
of or behind them. This explains that liquid droplets 
do not receive the action from the liquid droplets in 
front of or behind them. 

 
Fig. 2.  Liquid droplets in a stream without contacting 
each other. 

Based on the reciprocal theorem of shearing stress 
(pxy=pyx) and the second and the third assumptions, it 
is known that there is no shear stress on the control 
surface parallel to the direction of the liquid flow. The 
second and the third assumptions express the stress 
state at any position. The third assumption comes 
from the analysis of the liquid flow in the packed bed. 
If the flowing liquid is composed of several droplets, 
which have the same size, the liquid volume fraction 
reflects the amount of the droplets in a unit bed vol-
ume. When the liquid is composed of several droplets 
flowing forwards in the packed bed, the liquid drop-
lets will disperse on the face perpendicular to the di-
rection of the liquid flow. The larger the amount of 
liquid droplets, the more obvious is this dispersal 
phenomenon. 

2.2. Basic equations of the model 

In the x′, y′ rectangular coordinate system (see Fig. 
3, the direction of the liquid flow points to the same 
direction of x′ axis), based on the above assumptions 
and using ' 'x xp , ' 'y yp , and ' 'x yp , the stress state is 
expressed as 

' ' 0x xp =  (5) 

' ' ly yp kε=  (6) 

' ' 0x yp =  (7) 

By stress analysis [18] and using xxp , yyp , and 
xyp  in the x, y rectangular coordinate system (see Fig. 

3), the stress state is written as 
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Fig. 3.  Position relation of lu , the x′, y′ coordinate system, 
and the x, y coordinate system. 

A control micro-volume dx⋅dy is selected in the x, y 
rectangular coordinate system (see Fig. 4). When the 
spatial position changes from (x, y) to (x+dx, y+dy), all 
components of the stress change from pxx, pxy, pyy, pyx 
to pxx+dpxx, pxy+dpxy, pyy+dpyy, and pyx+dpyx. Based on 
the conservation of momentum in the x or y direction, 
the following equations are obtained: 

R l l l l 0yxxx
x x

pp k u f
x y

ε ρ ε
∂∂

− − − ⋅ + =
∂ ∂

 (11) 

R l l l l 0xy yy
y y
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k u f

x y
ε ρ ε

∂ ∂
− − − ⋅ + =

∂ ∂
 (12) 

where ρl is the liquid density, and ,x yf f  are respec-
tively the x-axis and y-axis components of the resul-
tant force ( f ) of gas drag force to liquid droplets and 
liquid gravity. 

 
Fig. 4.  Stress components on control surfaces. 

The action of the packed bed to flowing liquid (in-
cluding surface force and bed resistance force acting 
on the inner of control volume) and the body forces 
such as the gravity of liquid droplets and the gas drag 
force to liquid are considered in the above momentum 
conservation equations. It is accepted by most re-
searchers that velocities of the molten liquid within 
the packed bed in a blast furnace are mainly deter-
mined by body forces, such as liquid gravity and gas 
drag force to liquid droplets, and thus the inertial force 
may be omitted [11, 13-17, 19]. Therefore, the above 
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equations do not include the item of inertial force. 

By use of the same control micro-volume dx⋅dy in 
Fig. 4 and based on the conservation of liquid mass, 
the following equation can be obtained: 

( ) ( )l ll l l 0yx uu
x y t

εε ε∂∂ ∂
+ + =

∂ ∂ ∂
 (13) 

Finally, the stress components in Eqs. (11) and (12) 
are replaced by Eqs. (8)-(10), and the base equations 
of this mathematical model are obtained as follows. 
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The resultant force acting on the flowing liquid in 
unit control volume, f , is 

g d= +f f f  (15) 

where 

g l lε ρ=f g  (16) 

l 2
d d g g gl3

l

6 π 1
π 4 2

C d
d
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⎝ ⎠ ⎝ ⎠
f u u  (17) 

where gf  is the liquid gravity in unit control volume, 
df  the gas drag force to liquid droplets in unit control 

volume [2, 7-11, 13-17, 19], Cd the drag coefficient, 
gρ  the gas density, gu  the gas interstitial velocity in 

bed; and g  the acceleration of gravity. 

It was validated by experiments [19] that the di-
ameter of the non-wetting liquid droplet inside the 
blast furnace (dl) varied little when the viscosity and 
composition of liquid and gas, the liquid flowrate, and 
the gas velocity in bed varied, and dl was mainly de-
termined by the packed bed structure. Here, let the 

diameter of the liquid droplet l p
2
3 1

d dε
ε

=
−

 [2, 13]. 

Generally, the basic equations of this model are 
solved numerically. The detailed numerical method 
for this model can be found according to our work 
elsewhere [12]. 

3. Validation of the model 

Sugiyama [2] performed the experiment to measure 
the distribution of liquid flowrate in a tridimensional 
packed bed where there is no gas flow. In his test, the 
inlet liquid stream was introduced at a point on the top 
surface of the tridimensional bed, and the liquid used 
for the experiment was a mixture of water and glyc-
erin. The present mathematical model was used to 
simulate Sugiyama’s test. Fig. 5 shows the observed 
and calculated distribution of liquid mass flowrate in 

steady state at different dropping heights in the packed 
bed with particles of 6 mm in diameter. During the 
calculation by this model, the value of k is 2.41 
g·cm−1·s−2. In Fig. 5, the area below the curve calcu-
lated by the present model is equal for all distributions 
at differential dropping heights, since the liquid flow 
reaches steady state and should keep mass conserva-
tion. It may be concluded that the measured value of 
Sugiyama has an error, because the measured points 
move from above the curve calculated by the present 
model to below it with the increase in the liquid drop-
ping height. Taking no account of the effect of the er-
ror, it can be concluded that the calculated result of 
the present model accords well with the observations. 

The liquid flow phenomenon in the packed bed 
with a horizontal gas flow observed by Ohno [7] was 
also simulated using the present mathematical model. 
In Ohno’s measurement, the liquid stream is intro-
duced at a point on the top of the bed, and the parti-
cle-packed apparatus for the experiment is a box of 54 
cm high, 100 cm long, and 5 cm wide (internal). The 
packed particles are glass spheres with the diameter of 
10 mm. Ohno’s experiment is a cold physical model 
test, where the liquid flow condition is mainly similar 
to that inside the blast furnace. Generally, the flowing 
liquid volume fraction anywhere in the packed bed is 
considerably smaller than the voidage of the bed [2], 
therefore, the liquid in bed has almost no effect on the 
gas flow in the packed bed. The horizontal gas flow 
introduced in bed is also a uniform flow in Ohno’s 
experiment. The gas flow velocity ( gu ) in bed is fig-
ured out by the gas blown in and the bed voidage. 

Fig. 6 shows the comparison between the observed 
liquid flowing zone of Ohno [7] and the prediction of 
the present model. During the computation, model 
parameter k=1.28 g·cm−1·s−2, and Cd=0.44 [7]. In Fig. 
6, the predicted boundary line of the liquid flowing 
zone in steady state by the present model is an 
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iso-value curve of 10−5 kg·cm−2·min−1, and the liquid 
flowrate inside the predicted boundary is larger than 
99.5% of the total liquid flowrate at the inlet. It is seen 
that the predicted results have good agreements with 
the observations. The liquid flowing zone will enlarge 
when the horizontal gas flowrate is increased. When 
the horizontal gas flowrate is increased, the angle be-
tween the liquid flow direction and the vertical direc-
tion will become larger; thus, the liquid flow path and 
the residence time of the flowing liquid will both 
lengthen, and finally the liquid flowing zone will 
enlarge. 

 
Fig. 5.  Comparison of the calculated results with Sugi-
yama’s experimental results. 

4. Imaginable application of the model to the 
ironmaking process 

Owing to the development of ironmaking technol-
ogy, mathematical simulation on the blast furnace 
process has not yet stopped [1, 3-6]. In blast furnace 
simulation, the continuum theory, such as potential 
theory or Navier-Stokes equation, is mainly adopted to 
present the liquid flow inside the coke-packed bed. 
The advantages for adopting the continuum theory are 
that the equations used by the continuum theory and 
other transportation equations coupled with them have 

an identical numerical method for solving all of them, 
and the grid length for numerical calculation is re-
quired to obtain good accuracy of numerical solution 
and is not needed to reduce to the size of packed par-
ticles. Without these advantages and also having some 
limitation in mathematical description, the structure 
model has not yet been used in the simulation on the 
actual blast furnace process. 

However, there are some limitations in the presen-
tation of the liquid flow inside the coke bed within the 
blast furnace using the potential theory or the N-S 
equation. At any time, to predict the distribution of the 
liquid flowrate inside the bed, the liquid flowing zone 
inside the bed should be measured first, and then the 
equations used by the continuum approach should be 
solved within this measured zone, and thus, the simu-
lated results have reasonably good agreements with 
the observations. The variation in the distribution of 
liquid flowrate with time may be regarded as an ex-
perimental result in nature, not a predicted result by a 
mathematical model. We can say that the liquid flow-
ing zone inside the coke bed within the blast furnace 
cannot be predicted by the potential theory or the N-S 
equation. The present mathematical model is solved 
within the entire packed bed zone, and can give the 
prediction of the liquid flowrate distribution inside the 
bed and its variation with time. As a result predicted 
by the present model, Fig. 7 shows the calculated liq-
uid flowing zone (gray-colored) inside the packed bed 
having five point-liquid-stream sources, at 0.05, 0.5, 5, 
10, and 60 s, respectively, after the five 
point-liquid-stream sources are introduced synchro-
nously. The boundary line of the liquid flowing zone 
is an iso-flowrate curve of 10−5 kg·cm−2·min−1. 

The probability model is also solved within the en-
tire packed bed zone, however, it has not given a 
non-steady result up to now. Furthermore, if the 
model-defined dispersal range of a liquid stream is 
less than π/4, and the flowing liquid in bed receives no 
other forces besides the action from bed and gravity, 
this model predicts that the liquid stream flows 
downwards in a line and the packed bed has no dis-
persal action on the liquid stream. This does not ac-
cord with the facts [11-12]. In the probability model, 
the mean of the distribution function of the stochastic 
velocity variable is zero, and as a model parameter, 
the variable that has positive correlation to the vari-
ance of the distribution function of the stochastic ve-
locity variable is adjusted to fit the model-calculated 
results to the experimental data. The specific distribu-
tion function of the stochastic velocity variable in the 
probability model may be replaced by other distribu-
tion functions (for example, the normal distribution 



510 International Journal of Minerals, Metallurgy and Materials, Vol.16, No.5, Oct 2009 

whose mean is zero). As long as the variance of the 
normal distribution is adjusted, the predicted data can 
be fitted to the experimental data. Since the distribu-
tion function of the stochastic velocity variable may 

be selected in a fairly wide extent, the selection is im-
possible to avoid subjectivity. The probability model 
may have some limitations in description of the liquid 
flow inside the coke bed within the blast furnace. 

 
Fig. 6.  Comparison of the measurement of the liquid flowing region with its prediction by this model, when the inlet total 
liquid flowrate=25 L/h and the total blast gas flowrate in the horizontal direction is equal to 0 (a), 50 (b), 75 (c), and 100 
Nm3/h (d), respectively. 

 
Fig. 7.  Predicted liquid flowing zone inside the bed for 0.05 (a), 0.5 (b), 5 (c), 10 (d), and 60 s (e), respectively, after the five 
point-liquid-stream sources are introduced synchronously. 
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Based on the above analysis, it is seen that the pre-
sent model is considerably more complete in mathe-
matical descriptions compared with other existent 
models, and will be considerably better in the simula-
tion on the ironmaking process. 

5. Conclusions 

(1) The actions of a packed bed to liquid are con-
siderably more completely described by three assump-
tions, and a new mathematical model is established to 
describe the momentum transport phenomena inside 
the packed bed utilized in the ironmaking process. 
This model can be used in the whole bed zone packed 
by all particles, and can also give the solutions of a 
non-steady state; the scale of numerical grids for the 
solution of the model should not correspond to the 
size of packed particles. 

(2) The model-predicted results are in fairly good 
agreements with the experimental data. 

(3) The established model can predict the liquid 
flowing zone and the distribution of liquid flowrate in 
the packed bed, and will be considerably better ap-
plied in the simulation on the ironmaking process 
compared with other existent models. 
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