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Abstract: Band gaps of elastic waves in 1-D phononic crystals with imperfect interfaces were studied. By using the transfer matrix

method (TMM) and the Bloch wave theory in the periodic structure, the dispersion equation was derived for the periodically lami-

nated binary system with imperfect interfaces (the traction vector jumps or the displacement vector jumps). The dispersion equation

was solved numerically and wave band gaps were obtained in the Brillouin zone. Band gaps in the case of imperfect interfaces were

compared with that in the case of perfect interfaces. The influence of imperfect interfaces on wave band gaps and some interesting

phenomena were discussed.
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1. Introduction

Phononic crystals, also called acoustic band gap
materials, are composite elastic media constituted of
periodic repetitions of different solids. The acoustic
band gap is one of important properties of phononic
crystals. When composite incident waves with various
frequencies run into the phononic crystal, the waves
with frequency falling into the pass band can propa-
gate through the phononic crystal but the waves with
frequency falling into the forbidden band can not
propagate through. The filtering property of phononic
crystals is why it is called acoustic band gap materials.
The potential application of the band gap property in
civil and military engineering makes the phononic
crystal receive more and more attention in the past ten
years [1-7]. It is noted that most of these studies on
phononic crystals focused on two aspects. One is the
calculation method of band gaps. The other is the
forming mechanism of band gaps. In addition, in order
to design the desired acoustic band gap, the effect of
the topology structure of composites and the contrast
of material constants were also investigated exten-
sively [1-2]. The main methods studying phononic
crystals at present include the transfer matrix method
[6-7], the plane wave expansion method [3], the finite
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time domain difference method [4], and the multiple
scattering method [5]. For one dimensional phononic
crystals, the transfer matrix method was usually used
due to the laminated feature. The interface in compos-
ite materials plays an important role. The interacting
of waves and interfaces can influence the wave
propagation in a composite material evidently. When
the transfer matrix was derived, the continuous condi-
tion of displacement vector and traction vector across
the interface was usually used. This means the inter-
face is perfect, namely, the joint is fast, which ensures
both displacement and traction are continuous across
the interface [8-11]. However, the joint between two
different solids is often not so fast due to various dam-
ages and defects in actual situation [12]. The influence
of imperfect interfaces on band gaps is not investi-
gated up to now. In this paper, imperfect interfaces,
namely, the displacement or the traction vector jumps
across the interfaces, are considered. The influence of
imperfect interfaces on wave bands and band gaps is
discussed based on the comparison of numerical re-
sults obtained from perfect interfaces and imperfect
interfaces. The feature of phononic crystals with im-
perfect interfaces is also investigated.

2. Transfer matrix in the case of perfect
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interfaces

Consider a one-dimensional phononic crystal of
laminated structure formed by periodic repetition of
two different solids, see Fig. 1. The x axis is perpen-
dicular to the planar interface of two solids and the yoz
coordinate plane is parallel to the planar interface. The
thicknesses of two solids are a; and a,, respectively.
The elastic constants and mass densities of two iso-
tropic solids are denoted by 4, 4 and g (=1, 2), re-
spectively.

y A B

a a

Fig. 1. One dimensional phononic crystal of periodic
laminated structure.

For a homogenous, isotropic and linear elastic solid,
the motion equation is

(A+2)V(V-u)— 1V xV xu= pii @)

The plane wave propagating along the x axis direc-
tion, namely, normal incident wave, can be written as

u(r,t)=u(r)e' =u(x)ée' ()
Inserting Eq. (2) into Eq. (1) leads to

82
6x( )+k2 (x)=0 ?3)
The solution of Eq. (3) is

u(x) =A™ + Ao 4)
Therefore, the stress can be obtained by

:ipczk(Ale”‘" —Aze’i"") ©)

For incident SH wave,

k=kt=a)/ct s Ct=\/,u/,0 >

u(x)=u.(x), é=eé.,
oc=0, = %
xz /uﬁx .

For incident P wave,

u(x)=u(x),
¢ :,/(/1+2/1)/p , O=0y :(/1+2,u)2—z.

A perfect interface means the displacement and the
traction vectors are continuous along the normal and
tangent direction of the planar interface. The boundary

ézéx, k=k1:CD/C|,

condition on the interface can be written as
[t]=0, [u]=0 (6)

where [-] denotes the jump across interface,

[t]=¢*—¢" denotes the traction vector jump, and
[u]=u* —u~ denotes the displacement vector jump.
t*, t, ut and wu-
traction vectors on both sides of the interface, respec-

tively. The component form of Eq. (6) can be written

as
0 _ 0
st,lR - O-xs,2L9 u

@ _ @+ u.

O-xs,ZR - O-xs,lL9

denote the displacement and

()

where s =x,z. Subscript 1 and 2 denote two different

solids (solid A and solid B). Subscript L. and R denote
the left and right surfaces of each solid. A composite
layer constituted of solid A and solid B is called an
element layer and is denoted by i (i=1, 2,--, n). Solid
A and solid B is called sub-layer (denoted by j(j=1, 2))
of an element layer. The state vector of the left or right
surface of each sub-layer is defined as

ny (00, )
(for SH wave),
0l 00, )
{” Oy /L}
(for P wave) (®)
{”S)IR xic JR

State vectors of the left and right surface of the
same sub-layer are related by

VR =Ty ©)
where T is the transfer matrix of a sub-layer:

cos(k;a;)

B sin(k ja /a)p/
~Lopje;sin(kja;)

Cos(k]a]) (1o

State vectors of the same surface of adjacent ele-
ment layers are related by

() — (D)
Vi =TV; (1)
where T7; is the transfer matrix of an element layer.
For perfect interface, it can be written as
T, =TT, (12)
3. Transfer matrix in the case of imperfect
interfaces

For the imperfect interface, the displacement and
the traction vectors do not satisfy the continuous con-
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dition. In this paper, three kinds of imperfect inter-
faces are considered, namely, the spring interface
model, the mass interface model, and the spring-mass
interface model.

(1) The spring interface model.

For the spring interface model, the traction vector is
continuous but the displacement vector jumps. The
boundary condition in the spring interface model can
be expressed as

[1]=0, [u]=F-t (13)
where F is a diagonal matrix, namely,

F =diag{F,,F,} . In the interface model, an inter-

phase with elasticity but without thickness is assumed
existing between two solids, see Fig. 2. The spring
coefficient is denoted by F,(s=n,t).If F, -0, Eq.

(13) reduces to Eq. (6), namely, the imperfect inter-
face reduces to a perfect interface. If Fy; — o0, the

imperfect interface is correspond to the debonded case.

The boundary condition (13) leads to the following
relation between the state vectors:

vi,=mwl), vit =1l (14)
where

1 F]

T=T;=
3 4 |:O l_

—_
Incident
wave

Fig. 2. Spring interface model.
Then, the transfer matrix of an element layer in the
case of the spring interface model can be written as

T; =TT:T,T; (15)
(2) The mass interface model.

For the mass interface model, the displacement
vector is continuous but the traction vector jumps. The
boundary condition in the case of the mass interface
model can be written as

[u]=0, [t]=M-i=G-u (16)

where M =diag{m,,m,}, G= diag{—mna)z,—mta)z} .

In the interface model, an interphase with mass but
without thickness is assumed existing between two
solids, see Fig. 3. When the mass coefficient

G, =-mw* =0 (s =n,t), Eq. (16) reduces to Eq. (6),
namely, the imperfect interface reduces to a perfect
interface. Similarly, there is relation (14) between

state vectors in the case of the mass interface model,
but the expression of 73 and 7; is replaced by

. I 0
n:n:LG J (17)

ANk
Il

Incident
Fig. 3. Mass interface model.

‘wave

(3) The spring-mass interface model.

For the spring-mass interface model, both dis-
placement and traction vectors jump. The boundary
condition in the case of the spring-mass interface
model can be written as

[(]=G-(u), [u]=F-() (18)

where (t) = (t* +t’)/2, (u) = (u* + u*)/2 . In the
interface model, an interphase with both elasticity and
mass but without thickness are assumed existing be-
tween two solids, see Fig. 4. The mass coefficient ma-

trix G and the spring coefficient matrix F are both
diagonal matrixes. If G =0,F =0, then Eq.(18) re-
duces to Eq.(6), namely, the imperfect interface re-
duces to a perfect interface. If G =0,F =0, then the

imperfect interface reduces to the spring interface
model. If F=0,G =0, then, the imperfect interface
reduces to the mass interface model. Similarly, there is
relation (14) between state vectors in the case of the
spring-mass interface model, but the expression of T3
and T, isreplaced by

4+ F,Gy 4F;

4-F.G, 4+F,G;

T =T, = 19
BT 4G, 4+F.G, (19)

4_F§'GS 4_FS‘GS

y
H @ - >
—_—
Incident U U
wave

Fig. 4. Spring-mass interface model.

Interface

4. Dispersion equation in the case of imper-
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fect interfaces

According to the Bloch-Floquet theory in a periodic
structure, state vectors on the same sub-layer in adja-
cent element layers satisfy

Vj(i) _ eikan(i’l) (20)
where @ =a,+a, and k isthe Bloch wave vector.
Inserting Eq. (11) into Eq. (20) leads to

T —eter

=0 1)

The dispersion equation in the case of perfect in-
terface can be obtained by inserting T =T, =TT,
into Eq. (21). The dispersion equation in the case of
imperfect interfaces can be obtained by inserting
T =T, =T/T;T,T, into Eq. (21) instead.

(1) The dispersion equation in the case of perfect
interfaces.
cos(ka) = cos(kia,)cos(kraz)—

1

E(W+%jsin(k1a1)sin(k2a2) (22)

where k;=w/c;(j=1,2) is the wave number in two
sub-layers, W =pic,/pyc, is the resistance ratio of

the two sub-layers.

1

cos(ka) = m

2
16[F;2W1W2 + GS

Wwiw;

%)

( Fow, +ij cos (kiay )sin (kaas )}}

5. Numerical results and discussion

Consider a phononic crystal composed of Pb and
epoxy. The thickness ratio of the Pb sub-layer and the
epoxy sub-layer is 1, namely, the filling fraction
f=ap,/a=0.5, where ap, is the thickness of the Pb

(2) The dispersion equation in the case of imperfect
interfaces.

The spring interface model:
cos(ka) = cos(kia, )cos(krar ) -

%(W +%Jsin(k1a1 )sin(kaas )+

Fy[iwy sin(kiay ) cos (kyay ) +iw, cos (kiay )sin (kras ) |-
%Ffwlwz sin (ka1 )sin (k2a2) (23)
where F, is the flexibility coefficient of the spring,
wy =1wpc1, W, =1@p;c; .

The mass interface model:
cos(ka) = cos(kia; )cos(krar ) -

l(W +%)Sin(k1a1 )Sil’l(kzaz)"r

2
iG, [isin(klal Jeos(kaas) +Lcos(k1a1 )sin(k»a, )} -
wq %)
G2
2W1SM;2 sin(klal)sin(kzaz) (24)

where G, is the mass coefficient.

The spring-mass interface model:

. {[(4+FSGS)2 +16FXGS]COS(k]a])cos(kzaz)_%[(4+pgcs)2 (W+%j+

Hsin(klal)sin(k2a2)+4(4+FSGS ){(stl +ij sin (kiay )cos (kaas ) +

wi

(25)

sub-layer, a (=20 mm) is the lattice constant. The ma-
terial constants of Pb and epoxy are given in Table 1.
In the case of imperfect interfaces, numerical results
are obtained for the given spring coefficient and the
mass coefficient which are listed in Table 2.

Table 1. Material parameters of Pb and epoxy
Material Mass density / (kg-m™) Elastic constants / GPa
Pb Pr,=11600 Ap,=42.3, 11p,=14.9
Epoxy Pepoxy=1180 Aecpoxy=4-43, Hepoxy=1.59

In the case of perfect interfaces, band gaps of
one-dimensional phononic crystal considered are
shown in Fig. 5. The solid line and the dashed line
denote the dispersion curves of SH and P waves, re-
spectively. Shadowed zones denote band gaps or stop
bands. In order to show the influence of spring coeffi-
cient and mass coefficient in the imperfect interface

model, four cases are considered in each imperfect in-
terface model. The spring coefficient and mass coeffi-
cient in four cases are listed in Table 2. Wave bands
and band gaps of one dimensional phononic crystal
with imperfect interface are shown in Fig. 6 (the
spring interface model), Fig. 7 (the mass interface
model), and Fig. 8 (the spring-mass interface model).
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It is noted that two band gaps are observed in the con-
sidered frequency range in the perfect interface case.
But there is a new band gap appearing between the
primary first and second band gaps in the imperfect
interface case. This means that there are more band
gaps in the case of imperfect interfaces compared with
the perfect interface case. It is also noted that the pri-
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mary first and second band gaps become narrow and
the central frequency shifts toward low frequency with
the increase in the imperfect degree of the interface,
for example, the central frequency and width of the
first band gap are 0.6180 and 0.3661, respectively, in
Fig. 5 and 0.5733 and 0.3003, respectively, in Fig.

6(c).

Table 2. Spring coefficients and mass coefficients in the case of imperfect interface
F, (SH wave) F, (P wave) FJ/F, my my/my
F,=2.5x107% F=147x10"° 0.2 m=1.278x10° 0.2
Fp=1.25x1077 F,,=7.35x10"" my=6.39x10°
Fs=2.5x10"" F,y=1.47x107 2 my=1.278x10*
Fuy=1.25x10"° F,4=7.35x10"" 10 m;=31.95x10’ 5
| e | The second band gap has a similar change with the
first band gap. However, the new band gap appearing
~ 1.5 between primary first and second band gaps becomes
- wide gradually with the increase of the imperfect de-
s 10 - — gree of the interface, although the central frequency
= shifts toward low frequency still, for example, the
S] .
0.5 central frequency and width of the new band gap are
x 0.9902 and 0.0289 respectively when F, =0.2F, but
0.0 T e 0.9177 and 0.1453 when F, = 2F,. When the imper-
-1.0 -0.5 0 0.5 1.0

kxm /[ x

Fig. 5. Band gaps in the case of perfect interfaces (solid
lines denote transverse modes and dashed lines denote lon-
gitudinal modes, the shadowed regions denote band gaps).
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©
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-1.0 -0.5 0 0.5 1.0
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fect degree of the interface continues to increase, the
total pass band becomes more and more narrow but
the total stop band or forbidden band becomes more
and more wide.
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Fig. 6. Band gaps in the case of the spring interface model: (a) F;=0.2F; (b) F=Fy; (¢) F=2Fy; (d) F;=10F,.
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Fig. 8. Band gaps in the case of the spring-mass interface model: (a) F=0.2F), G=0.2Gy; (b) F=F,, G=G\; (¢) F=2F,,

G=2Gy; (d) F=10F,, G=5G,,.
can be observed by comparing (a), (b), (c), and (d) in
Figs. 6, 7, and 8. In these wave band figures, the curve
denotes the propagating mode and the flat line denotes
the localized mode. These flat lines can be seen more
clearly in Figs. 6(d), 7(d), and 8(d). It is also noted

In addition, although the first wave band of SH
wave and P wave keeps propagating mode, the second,
third, and fourth band of SH wave and the second
band of P wave evolve gradually from propagating
mode to localized mode. The process of evolvement
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that the longitudinal mode is localized more easily in
the mass interface model than in the spring interface
model. The localized mode is caused by locally reso-
nance and usually appears in the phononic crystal with
locally resonant structure, for example, the ternary
system [9]. However, in a one-dimension binary pho-
nonic crystal with an imperfect interface, the localized
modes are also observed. In order to interpret the
phenomenon, the imperfect interface can be assumed a
special component layer which has mass and elasticity
but has no thickness. Thus, the binary phononic crys-
tal with imperfect interfaces is equivalent to the ter-
nary phononic crystal. And the locally resonant struc-
ture is formed and the localized mode can exist.

6. Conclusions

(1) There are new band gaps appearing between
primary band gaps constantly. Furthermore, these new
band gaps become wide gradually with the increase in
the imperfect degree of the interface.

(2) Central frequencies of new and old band gaps
shift toward low frequency with the increase in the
imperfect degree of the interface.

(3) The total width of stop bands in the low fre-
quency range increases in the imperfect interface case
compared with the perfect interface case. In contrast,
the width of the total pass band decreases. The feature
is of importance for the low frequency application of
phononic crystals, for example, the damping vibration
and suppressing noise.

(4) The localized modes usually appearing in the
ternary system are observed in the binary phononic
crystal with an imperfect interface. Furthermore, the
longitudinal mode is localized more easily in the mass
interface model than in the spring interface model.
The phenomenon is interpreted by that the imperfect
interface leads to the formation of locally resonant
structure. Actually, the wider total stop band in the

phononic crystal with an imperfect interface is due to
the existence of localized modes.
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